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Summary. We study the process of learning in a differential information econ-
omy, with a continuum of states of nature that follow a Markov process. The
economy extends over an infinite number of periods and we assume that the
agents behave non-myopically, i.e., they discount the future. We adopt a new
equilibrium concept, the non-myopic core. A realized agreement in each period
generates information that changes the underlying structure in the economy. The
results we obtain serve as an extension to the results in Koutsougeras and Yan-
nelis (1999) in a setting where agents behave non-myopically. In particular, we
examine the following two questions: 1) If we have a sequence of allocations that
are in an approximate non-myopic core (we allow for bounded rationality), is it
possible to find a subsequence that converges to a non-myopic core allocation in a
limit full information economy? 2) Given a non-myopic core allocation in a limit

full information economy can we find a sequence of approximate non-myopic
core allocations that converges to that allocation?
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1 Introduction

In this paper, we address the issue of learning in a differential information econ-
omy i.e., an economy with a finite number of agents, where each agent is charac-
terized by a state dependent utility function, a state dependent initial endowment,
a private information set (which is a partition of an exogeneously given prob-
ability measure space) and a prior. The equilibrium concept we employ is the

* This is part of my Ph.D. thesis at the University of lllinois at Champaign-Urbana under the
supervision of Professors N.C. Yannelis and W.J. Shafer to whom | am heavily indebted. | would
also like to thank Professor D. Bernhardt for helpful comments and suggestions.
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non-myopic core which is an extension of the private core (see Yannelis, 1991) to
dynamic economies with non-myopic agents. Our economy extends over an infi-
nite number of periods and agents discount the future. Consequently, the utility
functions depend not only on current consumption, but also on future consump-
tion. Agents are risk averse and hence they want to smooth their consumption. In
each period, they agree upon a contract that specifies the terms of exchange, con-
tingent on the states of nature. This agreement is based on each agent’s private
information and has the property that there does not exist a coalition of agents
who can redistribute their initial endowments using their private information and
make everybody in the coalition better off. A realized agreement in each period
generates information that changes the underlying information structure in the
economy.

We are studying the exchange of goods and information that takes place
at the interim stage i.e., after the agents have observed the events that contain
the realized state of nature. To be more precise, all contracts are negotiated at
the beginning of the history of the economy and from then on all actions are
determined by the already chosen acts. There is no need to revise any strategies,
because the choice of the strategies has already taken account of the structure
of information in the future i.e., what information will be available at each date.
The process through which learning occurs is the following: At the end of each
period the agents observe the non-myopic core equilibrium outcome plus the
endowments of the current period and they refine their information partitions. The
link between today and the future is the information that each agent possesses.
So, agents by deciding upon the trade that will take place today, affect their
information partitions tomorrow, which in turn affects the future expected utility.
Learning itself is not the goal of the agents, but rather a result of actions by agents
who are concerned with the expected utility.

It becomes apparent from the above discussion that the information agents
possess restricts their consumption and trade choices. A question that naturally
arises, and the one we address is: Can the agents through the process of exchange
reach a non-myopic core equilibrium allocation that is in a limit full information
economy? (i.e., in an economy where everything that could be learned has been
learned.)

This work draws upon the results obtained by Koutsougeras and Yannelis
(1999). They addressed the issue of learning in a pure exchange economy with
differential information using the private core (Yannelis, 1991) as an equilibrium
concept by assuming that the agents behave myopitafiytheir model agents
only care about current consumption and their utility does not depend on future
allocations at all.

There is a substantial literature that deals with the issue of non-myopic learn-
ing in dynamic games, a small subset of which are the papers by: Kalai and
Lehrer (1993), Nyarko (1998) and Serfes and Yannelis (1998). However, they
put the problem in a different setting than we do. In particular, the first two papers

1 Henceforth, we will be calling the equilibrium concept in Koutsougeras and Yannelis, myopic
core.
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consider an infinitely repeated game where agents have subjective beliefs about
their opponents’ strategies. They prove convergence of the actual play to Nash
equilibrium (Kalai and Lehrer), or convergence of beliefs to subjective Nash
equilibria (Nyarko). Serfes and Yannelis (1998) address the same questions that
are addressed in this paper in an infinitely repeated game setting by employing
the Bayesian Nash as the equilibrium concept.

What we add to the existing literature and in particular to Koutsougeras and
Yannelis (1999), is the study of the learning problem when agents behave non-
myopically and the states of nature follow a Markov process. To do this, we
introduce a new equilibrium concept, the non-myopic core. The result is that
we may get allocations and learning processes that may differ, depending on
the equilibrium concept i.e., myopic versus non-myopic core. Our equilibrium
concept is more general, since as the discount factor goes to zero, our model
reduces to that of Koutsougeras and Yannelis (1999).

The paper contains the following results: We prove the non-emptiness of the
set of non-myopic core allocations. Next, we define the concept of a limit full
information economy and ask the following: If we have a sequence of allocations
that are in an approximate non-myopic core (allowing for bounded rationality), is
it possible to find a subsequence that converges to a non-myopic core allocation
in a limit full information economy? And given a non-myopic core allocation
in a limit full information economy can we find a sequence of approximate
non-myopic core allocations that converges to that allocation?

The rest of the paper is organized as follows. In Section 2, we have collected
the results that we are going to use in the sequel. In Section 3, we present the
myopic core. In Section 4, we outline our model and prove the existence theorem.
In Section 5, we describe the learning process, present an example and state the
main Theorems. Finally, in Section 6 we prove our main learning theorems.

2 Mathematical preliminaries

If X andY are sets, th@raph of the set-valued function (or correspondence),
¢ : X — 2Y is denoted by

Gy ={(x,y) € X XY 1y € ¢(x)}.

Let (2,.7, u) be a complete, finite measure space, Anloke a separable Banach
space. The set-valued functign 2 — 2% is said to have aneasurable graph if
G, € .7 ® B(X), wheres(X) denotes the Boret-algebra onX and® denotes
the productr-algebra. The set-valued functign: 2 — 2% is said to beower
measurable or just measurable if for every open subse¥ of X, the set

{weN:pwW)NV #0}

is an element of7 .
Let (£2,.7, 1) be a finite measure space akdbe a Banach space. Follow-
ing Diestel-Uhl (1977) the functiofi : 2 — X is calledsimple if there exist
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X1, X2, ..., Xn I X @andaz, ay, ..., an in.7 such thatzinzlxixai wherey,, (w) =1

if we q andyxy (W) =0if w ¢ ;. Afunctionf : 2 — X is said to beu-
measurable if there exists a sequence of simple functidns {2 — X such that
lim,_ o ||fa(w) — f(w)|| = O for almost allw € 2. A y-measurable function

f : 2 — X is said to beBochner integrable if there exists a sequence of simple
functions{f, : n =1,2,...} such that

lim / [Ifa(w) — f(W)]|dp(w) = 0.
n—oo 0N
In this case we define for eaéh e .77 the integral to be

/ fW)du(w) = lim / f(w)d 1(w).
E n—oo E

It can be shown (see Diestel-Uhl, 1977, Theorem 2, p.45) thét if{? —
X is a pu-measurable function therf, is Bochner integrable if and only if
Jo llf @)dp(w) < co.

For 1< p < oo, we denote by, (¢, X) the space of equivalence classes of
X-valued Bochner integrable functioms: {2 — X normed by

Ixlp = ( /Q X () Pdpu(w))’?.

It is a standard result that normed by the functighdll, above L, (x, X) becomes
a Banach space (see Diestel-Uhl, 1977, p.50).

Let X : 2 — 2¥, be a correspondence, wheYeis a Banach space. Also
letu: 2 xY — R be a real-valued function2 can be decomposed into an
atomless parf?; and a countable union of atoni%. A result due to Balder and
Yannelis (1993), [Theorem 2.8] says that if: 1. a.efip X(w) is convex and
closed, 2.u(w,-) is concave and upper semicontinuous %), 3. u(w,-) is
integrably bounded, 4. for alb € §2,, X(w) is weakly closed, and 5i(w, -) is
weakly upper semicontinuous of(w) then,

U () = /Q U, X(@))dpa(w)

is weakly upper semicontinuous on the weakly closedLget {y € Li(u,Y) :
y(w) € X(w) andy is .77 — measurablg

Another result due to Balder and Yannelis (1993), [Theorem 2.1] tells us that
if X(w) is convex and closed a.e. 2; and weakly closed a.e. if?y, thenLy
is weakly closed.

Now we present some basic results on Banach lattices (see Aliprantis-
Burkinshaw, 1985). Recall that Banach lattice is a Banach spack equipped
with an order relatiorn> (i.e., > is reflexive, antisymmetric, and transitive rela-
tion) satisfying:

(i) x>yimpliesx+z >y+zforeveryzinlL,
(i) x>y impliesAx > Ay for all A > 0,
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(iii) for all x,y in L there exists a supremum (least upper bound)y and an
infimum (gretest lower bound® Ay,
(iv) |x| > |y| implies ||x]| > |ly|| for all x, y in L.

As usualx* = x Vv 0, x" = (—x) VO and|x| = x V (=x) = x* +x7; we
call x*,x~ the positive andnegative parts ofx, respectively andx| the absolute
value of x. The symbol||- || denotes the norm oh. If x,y are elements of the
Banach lattice_, then we define the order intervad,jy] as follows:

[x,y]={zelL:x<z<y}.

Note that k,y] is norm closed and convex (hence weakly closed). A Banach
lattice L is said to have amorder continuous norm if, X, | 0 2 in L implies
[IX«]l 4 O. A very useful result that will play an important role in the sequel is that
if L is a Banach lattice then the fact thahas order continuous norm is equivalent
to weak compactness of the order interva)yf] = {z e L : x < z <y} for
everyx,y in L [see for instance Aliprantis-Brown-Burkinshaw (1990), Theorem
2.3.8, p.104 or Lindenstrauss-Tzafriri (1979), p.28 1.

We note that Cartwright (1974) has shown thaXiis a Banach lattice with
order continuous norm (or equivalentl/ has weakly compact order intervals)
thenL(u, X), has weakly compact order intervals, as well.

We close this section by defining the notion of a martingale and stating the
martingale convergence theorem. llebe a directed set and 1€t ;i €1} be
a monotone increasing net of sukfields of. 7 (i.e.,. 7, C .7, for iy < z,iy,i2
inl). Anet{x :i €1} in Ly(u,X) is a martingale if

E( [ 7) = %,, Vi > 1.

We will denote the above martingale By;,.% }i<i . The proof of the following
martingale convergence theorem can be found in Diestel-Uhl (1977, p.126). A
martingale{x;,. % }ici in Li(u, X) converges in the;(u, X)-norm if and only
if there existsx in Li(u, X) such thatE(x|.%) = x for all i € |. Finally, re-
call (see for instance Diestel-Uhl, 1977, p.129) that if the martingale7 }i ¢,
converges in thé (i, X)-norm tox € Li(u, X), it also converges almost every-
where, i.e., lim., ., X% = x almost everywhere.

3 The Yannelis core

The definition of the core of an exchange economy with differential information
is given as follows (see also Yannelis, 1991).

Let Y, which denotes the commodity spatbe a separable Banach lattice
with an order continuous norm and be its positive cone. Let(§,.7 , u) be a
probability space. An exchange economy with differential information,

2 X, | 0, means thax,, is a decreasing net with infx, = 0.

3 It is important to note that even if we assume that our commodity spateIsR', the space
Lp(pe, R, 1< p < oo is still infinite dimensional (in view of the continuum of states). Hence, even
with one good we still need to work with an infinite dimensional space.
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(Cg/: {(Xivuivav'%aqi) I = 1727""n}

is a set of quintuplesX, u;, e,.%%, q) where,
(1) X; : 2 — 2" is therandom consumption set of agenti .
(2) ui : 2 x Y+ — Ris therandom utility function of agenti.
(3) .7 is a sube-algebra of (2,.7) which denotes the private information of
agenti.
(4) ¢ : 2 — Y. is the random initial endowment of agenti, g(-) is .%-
measurable, Bochner integrable amflv) € X;(w) for all i, p — a.e..
(B)q : 2 — R, is theprior of agenti, (i.e.,q; is the Radon-Nikodym derivative
having the property thaﬁeg g (t)dp(t) = 1).

Denote bylLy;, theset of all Bochner integrable and .7 -measurabl e selections
from the consumption set X; of agenti, i.e.,

Lx, = {X € Li(u,Ys+):X : 2 — Y.is . % — measurable
andx (w) € Xi(w), n —a.e.}.

For eachi, (i = 1,2,...,n) denote byE;(w) the event in.% containing the
realized state of nature € {2 and suppose th%ﬁea(w) g (t)du(t) > 0. Given
Ei (w) in .7 define theinterim expected utility of agenti,V; : 2 x Lx, — R by,

Vi(w, %) = ui (K, X (K))Gi (K|Ei (w))d (k)
keEi (w)
where
0 if k ¢ E(w)
i k Ei w)) = a0 ().
o (K|Ei () { f;eEi(:qﬂk)dM(k) if k € E(w)

Below we give the definitions of the core and #eore of the above economy.

Definition 3.1 (Yannelis, 1991). We say that = (X1, X2, ...,%:) € II[L;Lx is a
core allocation for# if,

i) 21X =25 @ and,

ii) it is not true that there exisS C {1,2,...,n} andy € Ifjcslx, such that
YoiesY = 2ics®, andVi(w, i) > Vi(w,X), Vi € S and for almost allv.

Definition 3.2 (Yannelis, 1991). An allocatiox € II,Lx, is said to be an
e-core allocation for & if in addition toi) above it satisfies

ii”) it is not true that there existS C {1,2,...,n} andy € IjcslLx such that
DiesYi = Zies e, andVi(w,Yi) > Vi(w,%) +¢, Vi € S and for almost allv.

Theorem 3.1 (Yannelis, 1991)Suppose that an exchange economy with differ-
ential information satisfies for each agent i the following assumptions,
(a3.1) X : 2 — 2™ is a convex, closed, non-empty valued and .77 -measurable
correspondence.
(a.3.2) for each w € 2, uj(w, -) is continuous and integrably bounded and,
(a.3.3) for each w € 2, uj(w, ) is concave.

Then a private core allocation exists in ¢ .
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4 The non-myopic core

Let T be a countable set denoting the time horizon. ¥Yebe a Banach lattice

with an order continuous norm and?(.7 ) be a measurable space with initial
probability measure\q andtransition function Q.* The setf2 contains the states

of nature which follow aMarkov process overtime. Lett{>,.7 >, u>°(\o, - ))

be an infinite product probability measure space. The interpretation is that any
sequence oshocks will lie in this space and:*>° gives the probability of that
sequence occurring. Each statef2f° determines the entire history of all aspects

of the economy that are beyond the control of any of the agents (see Savage,
1974, Ch. 2, for a detailed discussion of this concept).

Now letx; : £2°° — Y, be a vector-valued function that denotes the allocation
of agenti in periodt contingent on the history of realizations up to that period.
We denote byx = (X1, ..., Xit,...) an infinite sequence of such vector-valued
functions for agent. By x we denote such a sequence for all agents. Hence, —
can be viewed as a stochastic process @fF° (.7 *°, 1> (Ao, -)). Also the en-
dowmentse; : 2°° — Y,,t = 1,2,... define a stochastic process on the same
space. All contracts are negotiated at the beginning of the history of the economy,
and from then on all actions are determined by already chosen strategies. Such
strategies may, of course, take account of new information as it becomes avail-
able. An exchange economy with differential information is actually a sequence
of economies

(&'t eT)

where for each,
%yt = {(Xi;uivata'%vqi) : I = 1727"'7n}

is a set of quintuplesX, u, et, %, qi) where,
(1) X; : 2°° — 2"+, is arandom consumption correspondence of agent i .
2) y : 2%° x Y, — R, is astate dependent utility function of agenti.
(3) .Z; is a sube-algebra of (2°°,.7 °°) which denotes the private information
of agenti in periodt.
(4) g : 2°° — Y, is therandominitial endowment of agenti in periodt, e(-) is
Fi-measurable, Bochner integrable agdw™>) € X; (w™) for all i, u> — a.e..
B) g : 2 — R.. is theprior of agenti, (i.e., g is the Radon—Nikodym
derivative having the property thg{egm g (k)dp>(k) = 1).

As in R.J. Aumann (1987), we assume that the economy is common knowl-
edge.

Denote byLy,, the set of allBochner integrable and .7;-measurable selec-
tions from the consumption sef; of agenti, in periodt i.e.,

Lx, = {Xt € La(u™, Ys) : Xt : 2°° — Y. is. % — measurable and

4 A transition function is a functio : 2 x .7 — [0, 1] such that,
a. for eachw € 2, Q(w, -) is a probability measure orf},.7); and
b. for eachA € .7, Q(-,A) is a.7 -measurable function.
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Xit (W) € X (w™), u>™° —a.e.}.

Thus, X = (Xi1,...,%t,...) is an element of.x =Ly, x ... x Lx, x....

For eachi, (i = 1,2,...,n) andt € T, denote byE;(w>) the event
in .Z%; containing the realized state of natwe® € 2°° and suppose that
fkeEn(wx) g (k)du(k) >0forallt eT.

For eachi, (i = 1,2,...,n) and w> define thetotal discounted interim
expected utility of agenti, V; : 2°° x Ly — R by

€Eit(w®°)

U030 [ ukoxaKENd0)  @1)
=0 k

whered € [0, 1) is the discount factor argi (k |E;;(w>°)) was defined in Section 3.
We are now ready to define the first central notion of the paper.

Definition 4.1. We say thatx = (X1, X2, ..., %)) € II'L,Lx is anon-myopic core
allocation for the economy{&* : t € T} if,

() Xt %=, e forallt € T and,

(i) it is not true that there exis C {1,2,...,n} and §i)ics € IliesLx such
that) 5 sVit =) icsét forallt € T andV;(w™>,yi) > Vi(w>,%),vi € S and
for almost allw>.>

Definition 4.2. We say thatx = (X1, X2, ..., %) € II[L,Lx is anapproximate or
e-non-myopic core allocation for the economy{&* : t € T} if in addition to ()
above it satisfies,

(ii") itis not true that there exi€ C {1,2,...,n} and §)ies € ITiesLx such
that) gVt =D ics@t forallt € T andVi(w™,yi) > Vi(w™, %) +¢,Vi €S
and for almost allo>°.

We are now ready to state our first main result:

Theorem 4.1. Let {#' : t € T} be an exchange economy with differential in-
formation as defined above which satisfies the following assumptions, for each i,
i=12,...,n),

(@a4.1) X : 2 — 2% is convex, closed, non-empty valued, and .77 >°-
measurable correspondence.

(a.4.2) for each w, u; is upper semicontinuous on X; (w=°) and integrably
bounded.

(a.4.3) for each w™, y; is concave.

Then the set of non-myopic core allocations for {#* :t € T} is a non-empty
subset of 11{.,Lx .

Lemma 4.1. Under assumptions (a.4.1)—(a.4.3), the total discounted interim ex-
pected utility V; (4.1) is weakly upper semicontinuous for each i and for each
w™.

Proof. By assumption, the utility function; is upper semicontinuous. Then, by
Theorem 2.8 in Balder and Yannelis (1993) (see also Section 2),

5 What we mean is “fop.> almost allw™ € 2°°,” but for convenience from now on we simply
write “for almost allw®°.”
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/ s (K, %t () (K| Ex (o)) dja(K)
keEit(w>)

is weakly upper semicontinuous.
By another application of the same Theorem and shoensists of a count-
able union of atomsy; is weakly upper semicontinuous as well]

Next we present the proof of our Theorem.

Proof of Theorem 4.1. The setlLy is convex since eachy, is convex. It is also
weakly closed, since again eath, is weakly closed (see Thm. 2.1 in Balder
and Yannelis (1993)). Now let’s define amperson gamé&/ by

V(S) = {x € R": there exists an allocation €. 4s such that

% < Vi(w™,¥),Vi € S and for almost all,™}

where. 45 is defined as

As=1{y € Ilcslx : Zy‘t = Zen, forallt e T}.
ies ies
Notice that s is weakly compact becauge€ [0, > e1]x[0,> g2l x...,Vi €
S, the order intervals L@{‘zl et],vt € T are weakly compact (by Cartwright’s
Theorem) and/jcsLy is weakly closed. It is also nonempty singec< Ly, , for
alteT.

The n-person game satisfies the properties of Scarf's Theorem (Scarf, 1967).
Notice that the comprehensiveness follows immediately. The fact \thas
bounded from above follows from the fact theit € N, V; is a weakly up-
per semicontinuous real-valued function (Lemma 4.1) on the non-empty, weakly
compact sefis.

We need to show that (S) is closed. To this end, let a sequenxk, (.., x) of
someV (S) satisfy &, ..., XX) = (X1, .-, %) in R". We must show thax, .. ,xn)
belongs toV (S). For eachk pick an allocation ) ,yn) satisfying x* <
Vi(w™,y¥),Vi € S and for almost allu>=, and ", .gy& = > s &, for all
t € T. Sinceyf € [0,a] (Whereg = Z,_le.t, for all t € T) holds for alli and
all k and [Q &] is weakly compact, we can assume by passing to an appropriate
subsequence thgk — y; weakly for alli. Clearly, /1, ...,yn) is an allocation
and) s VYit = D ics @t forallt € T. SinceV; is weakly upper semicontinuous
it follows that

% = limsupxX < lim supV; (w™, ¥¥) < Vi (@™, yi)
k k

for all i € S and for almost all.>°. Therefore, X4, ..., %) € V(S) and so each

V(S) is closed. Hence the market gamé () is balanced and has therefore a
non-empty core (Scarf's Theorem). Standard arguments now can be applied (see
for instance Aliprantis, Brown and Burkinshaw, 1990, pp.48—49) to show that
non-emptiness of the core of the ganve, ) implies non-emptiness of the core

of the economy{#':t e T}. O
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Also anapproximate or e-private non-myopic core allocation exists since the
set of all non-myopic core allocations, denoted®{ <* : t € T}), is a subset of
the set of alk-private non-myopic core allocations denoted®y{#~" :t € T}).

Next we turn to the question of learning.

5 Convergence and approximation theorems
for the non-myopic private core and e-non-myopic private core

5.1 The process of learning

Let T be any countably infinite set denoting the time horizon. We are going to
study the learning process described by Koutsougeras and Yannelis (1999), by
using the non-myopic core as the equilibrium concept of our economy. There are
two advantages of using the non-myopic core. First, it is a general concept and
one can recover all the fundamental results of Koutsougeras and Yannelis (1999)
by simply letting the discount factor go to zero. Second, and most important, the
agents in our framework look into the future which may capture allocations and
learning processes that cannot be captured by the myopic core. We also make
a further generalization by allowing the states of nature to follow a Markov
process.

The economy extends over an infinite number of periods. Since the agents
are risk-averse, they want to smooth their consumption. Therefore, in each period
they agree upon a contract which specifies the terms of the exchange contingent
upon the realized state of nature.

Hence, each agent’s private information in each period is generated by his/her
endowment in current and all past periods, his/her utility function and the equi-
librium allocations in previous periods i.e.,

g%:U({Qtut/:17...7t}7ui7{xt/7t/:17°"7t_1})'

In this scenario, the private information of agenin periodt + 1 will be .7
together with the information that the endowment, the utility function and the
private core allocations generate i.e.,

Fis1 = T V 0(Bie1, %).

Clearly, in periodt + 2 the private information set of agentwill be, . %, =
Fie1 V o(8t+2, %+1) and so on. Consequently, for each agerand each time
period, we have that

T € Fr1 € Fa2 C ..

The above expression represents a learning process for iagendtit generates
a sequence of differential information economies & :t € T}.
Next we define dimit full information economy,

£ = {(X, Ui, 800, 7, G) 11 =1,2,...,n}
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to be the set of quintuples<{(, u;, & ,-7%, i) where,. 7% = V5, % is the pooled
information of agent over the entire time horizon¥, u;, g have been defined
previously ande ., denotes an endowment function in a limit full information
economy which isZA-measurable.

Denote byC(# ) and C.(¢ °°) the set of all limit full information non-
myopic core allocation and the limit full information non-myopic e-core allocation
respectively for the economé .

Throughout our analysis we will assume that a private information economy
{#&' 1t € T} as well as a limit full information economy >, satisfy the
assumptions (a.4.1), (a.4.2) and (a.4.3) and there®(g#' :t € T}) # 0 and
C(#>) # (. Since,C({#' 1t € T}) € C.({#' 1 t € T}) the latter set is
non-empty as well.

It is apparent that the information structure of the economy largely deter-
mines the resulting allocation. The example we present next illustrates the above
argument as well as how the learning takes place in our economy.

5.2 Example

Consider the following two person economly=< {1, 2}) with two commodities
i,j, (X =R?) and four different stateg{ = {a, b, ¢, d}). To simplify the example,
the economy extends to only two periodandt + 1. To be consistent with our
notation in the previous section the state space in each peridd=igw1,w,}
and? =Z x Z. Hence,a = wyw1,b = wywsy, . ... The idea as Debreu (1960) puts
it is the following: Nature makes a choice (state) from a number of possibilities
(states). These possibilities are states at timé (in our example). Once a state
is given, atmospheric conditions, technological knowledge, natural disasters, . .
. are determined for the entire period under consideration. At tirmeonomic
agents have some information about the staté-atl which will occur. This
knowledge in our economy comes from observing the endowments. Additional
knowledge in each period is acquired by the allocation in the previous period.
This information can be described by a partition of the set of states atinto
sets called events &t

Each state occurs with probabilifiy The random initial (periot) endowment
and private information sets are given by

€t = ((107 0)7 (107 0)7 (107 0)7 (103 0))a '%t = {{aa b’ C, d}}

e2t = ((07 10)a (Oa 10)7 (07 O)a (Oa O))7 %/—zt = {{a’ b}7 {C7 d}}

Note that the initial endowment of each agent is measurable with respect to
his/her partition. The utility function of both agents is given by

u(w,x) = vx; + v, forall w.

The agents before they observe any event they will agree on the following con-
tract. In period there will be no trade due to measurability constraints. Note that
the net trade must be measurable with respect to each agent’s private information
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at periodt. Since agent 1 has trivial information the net trade must be constant
across all states. But agent 2 has nothing to give at states ¢ and d. Thus, the net
trade must be zero. This implies that the allocation in petigzi

X1t = ((1Oa O)a (107 0)7 (107 0)7 (105 0))
Xot = ((Oa 10)7 (07 10)7 (07 0)7 (07 O))
The information that this allocation generates is
a(x) = {{a’ b}’ {C’ d}}

Hence, the agents in the second peribé 1) will possess the following infor-
mation (we assume that the endowments are the same)

t%ﬁl = *f?/?lt \4 G(Xt) = {{a7 b}a {Ca d}}

Tm1 = I Vo) = {{a,b}, {c,d}}
and the allocation in that period will be
Xyt+1 = ((57 5)7 (57 5)7 (103 O)a (10, 0))
Xt = ((5a 5)a (5a 5)a (07 0)7 (07 O))
Notice that the allocation is measurable with respect to each agent’s information
and that both agents became better off. Therefore, the agreed upon contract is
X = (X, Xt+1)

as described above.
Below we state and prove the main theorems of this section.

5.3 Learning theorems

We assume that the sequence of endowments satisfies the following condition:
There exists) ;s € € L1(u, Y) such that for allS ¢ N

ED) ool Nies-Zal=) @, VteT.
ies ies

Theorem 5.3.1. Let {&#" : t € T} bea sequence of private information economies
satisfying the following assumption:
VS C N, whereN isthe set of agents, {3, s &t, Aies-Zt JreT iSamartingale.
If the sequence {x : t € T} belongsto C.({~" : t € T}), then we can extract
a subsequence {x;,, : m= 1,2, ..., } fromthe sequence x; which converges weakly
tox* € C(&).

Theorem 5.3.2. Let {#* : t € T} bea sequence of private information economies
satisfying the following assumptions:
(i) Vi, {et, A et isa martingale,
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(i) {3, &1, ALy 7 het isa martingale.

Let x*be a limit full information non-myopic core allocation for the economy
& ie, x* € C(&). Then, there existsat’ € T big enough and a sequence
of allocations {x; : t € T} suchthat {X}i>v € C.({&"* : t > t'}) and {X }teT
converges in the L*-normto x*.

An immediate conclusion of Theorem 1 is the following result.

Corollary 5.3.1. Let {#' : t € T} be a sequence of private information
economies satisfying assumption the of Theorem5.3.1. If thesequence {x; :t € T}
belongsto C({#* :,t € T}), then we can extract a subsequence from the sequence
x; which converges weakly to x* € C(& ).

Discussion: In both Theorems, the aggregate endowments in the economy obey
a “stability” property given by the Martingale assumption. For a more detailed
discussion about the assumptions see Koutsougeras and Yannelis (1999). Theo-
rem 5.3.1 states that non-myopic and non-fully-rational agents can, by repetition,
reach an equilibrium allocation in an economy that everything that could be
learned has been learned. Theorem 5.3.2 states the converse. That is, given an
equilibrium allocation in such an economy, non-myopic and non-fully-rational
agents will find the way through trading to reach that allocation. This may be
viewed as a kind of “stability” property of the non-myopic core.

Remark 1. When the discount factof goes to zero, the above two Theorems
reduce to the ones in Koutsougeras and Yannelis (1999) i.e., Theorems 3.3.1 and
3.3.2.

Remark 2. For the above two Theorems we want the total discounted interim
expected utility (4.1) to be weakly continuous and not just weakly upper semi-
continuous. If in addition we assume that for gll.7%%; is a partition, and the
utility function u; is weakly continuous, theX; is weakly continuous [for more
details see Yannelis (1991), Claim 4.1 and Balder and Yannelis (1993), Corollary
2.9].

6 Proofs of the theorems
6.1 Proof of Theorem 5.3.1

For each, let EK be the set of all Bochner integrable a@ﬁ[—-measurable selec-
tions from the consumption correspondengs.e.,

Ly = {Xoo € L1(1™, Y4) i Xino : 2° — Y, is .7 — measurable and

X oo (W) € X (W), u™ — a.e.}.

An allocation in a limit full information economy belongs in the above set
e, x* € Lx. Letas € Lx % be the endowments for agentin a limit full

6 Notice, that since we are working with partitions, the allocations are essentidlly in
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information economy. Note that for eatheach feasible consumptiof € Ly,
lies in the order interval [05"; &] C i, Lx,. By the Cartwright Theorem,
[0,&] (and any order interval) (wherg = Zi”:l &), is weakly compact. Finally,
Vi (w®°, -) is weakly continuous for eachi and for eachv®°.

Letx={x :t €T} beinC({#"':t e T}). Obviously,x: € [0,> [, &,
for all i andt € T. Since g is a martingale, it converges te,, in the
L1(u, Y)-norm. Moreover,L;(u,Y) is a Banach lattice. By a standard result
[e.g. Aliprantis-Burkinshaw (1985)] we can extract a subsequence (for conve-
nience we still denote it by) and find a positive elemernt in Li(, Y) such
that|e — e < ggz, (where the superscrifit is the index of the subsequence).
Hence, we can conclude that the subsequenése order bounded above by an
element say in Li(u, Y) and below by 0 i.e.g belongs to the order interval
[0,v] in Li(u, Y). Therefore, a subsequence of the allocation {x : t € T}
belongs to the order interval [0]. By the Eberlein-Smulian Theorem we can
extract a further subsequence (still denoted{ky}) which converges weakly to
x* € [0,v]" (where [Qv]" is then-fold product of [Qv]). Notice that in what
follows we are dealing with the subsequence of the subsequence of the original
allocationx and endowments; for which we kept the same indices.

We need to show that* is in C(¢#°°). Note that for eachh € T, Z{Ll Xit =
S et {X}ter converges weakly ta* and {e }ict converges weakly te,,
(since by the Martingale Convergence Theoremconverges in the.'-norm
to e and hence weakly). So, we conclude thaf_, x* = Y\, 6. Thus,
x* € [0,ex] C Y, Lx (wheree,, = >, €.), and therefore eack* is
Z-measurable.

Hence, all it remains to be shown is that

there is no coalition S ang,, € IT; ESLX such that) i s Vico = > ics €oos
andV; (W, Yioo) > Vi (w™,x*),Vi € S and for almost allv>°.

Suppose by way of contradiction that this is not true. Then, there ex-
ists a coalition S and,, € H.ESLX, such that) i g Vico = > ics oo and
Vi (W™, Vioo) > Vi (w™,%*),Vi € S and for almost allv>°.

For eachi € S and eaclt € T, letyii = E[Yioo| Aies -Zi]. Notice that

ElYico| Aies-Zit] = E[E[Yioo| Aies-Ziv]| Nies-Zit] = Elyiv| Aies-Z&], fort’ > t.

Hence,{Vit, Aies-Zi }tet IS @ martingale and

Zyit = ZE[yiOO|Ai€S'%]:Elzyioow\ies-%]

ies ies ies
- € [zaoomes%] “Ye.
ieS ieS

This is true for allt € T and henceyi }ict Iis feasible for the coalitiors.

By virtue of the Martingale Convergence Theorefwy; }ict converges to
Yiso in the Ly-norm and therefore weakly. Sinde; }ic1 also converges weakly
to x* andV; is weakly continuous we may chootsec T so that
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>,
|
™

|\7i(woo>yioo) _\Z(woov{yit}tzt’)‘ <

>,
|
™

Vi @™, (Xt hst) — Vi(@™, %) <
whereé = \Z(woc7yloo) _ \Z(woo’xi*) > €. Thus,

Vi (@™, ¥icso) = Vi (W™, {Yit }t>t) + Vi(w™, {Xit fi>t) — Vi(w™, ")
< Vi, Yiso) = Vi(w™, {Yit Fst)| + [Vi(w™, {Xithst) — Vi(w™, x7)|
0—¢€ N d—e€ —5_ .
2 2 '
Therefore,Vi (w™, Yico) — Vi (W™, {Vit }t>t) + Vi (W™, {Xit }i>r) — Vi(w™, %) <
d—e <= —Vi(w™, {Yith>v) +Vi(w™, {Xit h>r) < —eore+Vi(w™, {Xit }i>r) <
Vi (>, {yit}t>r), Vi € S and for almost allv>°. B
So, the allocatiory; is feasible andV; (W™, {Vit }t>t) > Vi(w™, {Xt }t>t) +
¢,Vi € S and for almost allu>°, a contradiction to the fact that € C.({#* :
teT}). O

6.2 Proof of Theorem 5.3.2

Let x» be an element o€ (& >°). Consider the allocatior = E[X..| AlL; ]
and notice that for >t

X = E[Xoo‘ /\in:]_ %] = E[E[Xoo| /\in:]_ %]‘ /\in:]_ %] = E[Xrl /\inzl %]

Hence {x, Al.;Z }te7 is a martingale and by virtue of the Martingale Con-
vergence Theorenfix }ic1 converges in thé-l-norm to x.,. By the definition

of the conditional expectation we know that for edclandt € T, X is .Z;-
measurable. We must show that there exigtsig enough such that the sequence
{X%:t>t'}liesinC.({&"' :t >1'}). We first show thafx }ic is feasible for
the grand coalition. Note that, for dlle T

n
int
i=1

n n n
> ElXioo] Ay Z7] = D> Yool Ay 7] = E[D @1oo| ALy 1]
i=1

i=1 i=1
n
E €t,
i=1

and we can conclude thdk; }ict is feasible. We now show that there exists a
t’ such that the allocatiofix; }+>1» cannot bec-blocked by any coalition i.e.,
there do not exist coalition S and allocati¢ }i>1 € IIjcsLx such that
ZieS Vit = Zi es Gty forallt > t’ andV; (w‘x’, {yit}tZt/) >V (w°°, {Xit}tzt’) +
€,Vi € S and for almost allo>°.
Suppose by way of contradiction that the above statement is false. Then, there
exists a coalitionS and a sequencéy: jtet, Yt € Ilieskx, C Ilieslx having
the property thad >, s Vit = D ics@t, forallt € T and Vi (w™, {yit }t>t) >
Vi (W™, {Xit }i>rr) +€,Vi € S for almost allw> and for allt’.
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By adopting an argument similar to the one in the previous progficr
lies in the order interval [Q]/SI which is weakly compact (recall Cartwright's
Theorem). Hence, by the weak compactness of][6l we can find a further
subsequencéy;, } that converges weakly tp,, € [0,v]!S!. For this subsequence

we have

Zyitm = Ze.tm, forallty, € T.

ies ieS
Sinceey, converges t@ ., in the L1-norm and hence weakly angl, converges
t0 Vi Weakly we have that

Zyioo :Zaoc-

ies ies
By our assumption, we also have that
\7i(w°°7 {Yity Ha>tr) > \7i(woo, {Xity Ha>t/) + €

Vi € S, for almost allw™ and for allt’. By the weak continuity oV (w*,-),
Viw™,¥ieo) > Vi(w™,Xixs) +€,Vi € S and for almost allw>. Hence,
Vi (W, Vi) > Vi(w™, Xis0), Vi € S and for almost allo™ and consequently the
coalition S qualifies to block., a contradiction to the fact that,, € C(& ).
O
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