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Abstract

We propose an equilibrium model of the venture capital (VC) market with two-sided match-
ing between heterogenous VCs and entrepreneurs. Each VC matches endogenously with an
entrepreneur, and offers a contract that specifies a capital investment and equity allocation.
We show that competition among VCs for the most promising entrepreneurial ideas leads
to more efficient capital endowments of new ventures throughout the entire VC market,
which in turn improves the prospects of success across all ventures (endogenous matching
effect). We also show that endogenous matching amplifies the impact of economic cycles
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1 Introduction

The venture capital (VC) market has long been recognized as a fundamental source for en-
trepreneurs to finance their ventures, and thus to bring their innovative ideas to market (Ka-
plan, Sensoy, and Stromberg (2009)). A hallmark of the VC market is the process by which
entrepreneurs are matched to VCs, and the corresponding impact of VC financing on en-
trepreneurial success. The literature has identified two forces at work: VCs with higher exper-
tise select superior ventures to invest in (the "selection" effect); and VCs with higher expertise
provide greater value-added to their ventures (the "treatment" effect). Sgrensen (2007) provides
empirical evidence that the selection effect is almost twice as important as the treatment effect
in explaining observed differences in IPO rates across VC investors. Clearly, then, the matching
process matters greatly in the VC market.! To better understand the matching process and its
implications for the financing of new ventures, we propose an equilibrium model of the VC
market consisting of heterogenous entrepreneurs and VCs. We demonstrate that—in addition to
the selection and treatment effect—there is an endogenous matching effect that has a consider-
able impact on the financing of start-ups and their likelihood of survival, and amplifies business
cycles in the VC market.?

The endogenous matching effect originates from the competition between VCs for entre-
preneurial ideas with exceptional market potential. Endogenous matching in the VC market
leads to a number of novel theoretical, empirical, and policy implications. First, we show that
endogenous matching enhances the efficiency of the entire VC market through higher capital
endowments of start-ups, which in turn improves the prospects of success across all ventures.
Moreover, as a result of endogenous matching, entry of VCs during economic booms does not

only benefit entrepreneurs who then get capital to start their own ventures, but may also lead

'Matching is not only relevant in VC markets, but also matters in general principal-agent relationships (see,
e.g., Ackerberg and Botticini (2002), Besley and Ghatak (2005), and Serfes (2005, 2008)).

2This endogenous matching effect does not appear in Sgrensen’s framework as he treats the contracts between
entrepreneurs and VCs as exogenous. In contrast, we endogenize the contract choice of VCs, which, in our model,
is also determined by alternative contract offers for their entrepreneurs.



to more favorable contract terms for all other entrepreneurs in this market (the ripple effect).
Because of this positive externality on the entire market, VC entry should be promoted in order
to spur indispensable innovation. In economic downturns, on the other hand, exit of some VCs
can trigger a wave of failures as all remaining VCs respond by substantially reducing their
investment levels, thereby jeopardizing the survival of their ventures (the unraveling effect).
From a policy perspective, this also implies that failure of small VCs should be averted as this
can impair the efficiency of the entire VC market, and thus hamper the creation of promising
innovation. In this sense, a VC can be "too small to fail". It is therefore important that empirical
researchers—using our model predictions and following along the lines of Sgrensen (2007)—
quantify and evaluate the relative magnitude of the identified endogenous matching effect in the
VC market.

We develop an equilibrium model of the VC market with two-sided endogenous matching
between a collection of VCs, that are heterogenous in terms of their expertise, and a collection
of entrepreneurs, that are heterogenous with respect to the quality (or market potential) of their
business ideas. We show that, under reasonable conditions, the matching equilibrium is positive
assortative (PAM): VCs with high expertise match with entrepreneurs that have business ideas
with high market potentials.> Once matched with an entrepreneur, each VC offers a contract
which stipulates an allocation of equity and the VC’s capital investment. Each entrepreneur
then needs to exert (unobservable) effort which affects the success or failure of his venture
(moral hazard).* Due to endogenous matching in our framework, each contract must not only
satisfy the usual incentive compatibility constraint associated with the moral hazard problem,
but also a condition that guarantees that an entrepreneur cannot be better off by contracting with

an alternative VC. In this sense, VCs are competing for entrepreneurs with promising business

3Sgrensen (2007) provides empirical evidence that the matching equilibrium in the VC market is indeed positive
assortative.

4Thus, our framework exhibits a typical one-sided moral hazard problem with respect to the entrepreneur’s
effort, while the investment of the VC is contractible. For models with double-sided moral hazard in the context
of the financing of new ventures, see e.g. Casamatta (2003), Repullo and Suarez (2004), and de Bettignies (2008).



ideas which—as we will show—rplays a key role in the design of optimal VC contracts and the
overall efficiency of the VC market.’

While the analysis of isolated entrepreneur-VC relationships in a contractual context un-
doubtedly provides important insights, a main implication of our study is that endogenous
matching in the VC market significantly affects the structure and properties of VC contracts.
Specifically, we show that each VC is forced to transfer more surplus to its matched entrepreneur
through more attractive contracts than would occur in the absence of endogenous matching (i.e.,
as in an isolated principal-agent relationship). This in turn results in better capital endowments
of new ventures, and hence, improves their prospects of success. Despite this positive effect
of endogenous matching on the overall efficiency of the VC market, we show that equilibrium
investment levels and survival rates of new ventures are always below their first-best levels. We
therefore argue that any managerial or policy implications should not be based on an isolated
analysis of VC contracts; rather, it is indispensable to consider the two-sided VC market as a
whole in order to account for the effects of endogenous matching.

We also use our framework with endogenous matching to identify the effects of economic
cycles on equilibrium VC contracts. We show that VC entry during economic booms improves
the outside options of all entrepreneurs, forcing VCs to offer more capital in order to attract
entrepreneurs with highly promising business ideas. Our prediction that the more intense the
competition, the higher the amount of funding each portfolio company receives is consistent
with evidence in Gompers and Lerner (2000). This has an important and interesting implica-
tion: VC-backed ventures that are founded during economic booms enjoy higher survival rates
than ventures started during recessions, even after accounting for the characteristics of their
respective product markets. We refer to this mechanism—which arises because of endogenous
matching—as the ripple effect of market entry since it benefits all entrepreneurs in the market,

and not just those who would have remained unfunded in the absence of VC entry.

3de Bettignies and Chemla (2008) also consider the effects of competition for business ideas, though in a
different context. In their model, a firm wants to attract managers with high quality ideas for new ventures.



The ripple effect throughout the VC market—triggered by VC entry—Ieads to an important
policy implication: Regulatory hurdles, which hamper the entry of potential financiers, should
be eliminated to spur innovation.® In this sense, facilitating entry of VCs is integral not only to
fund more innovation, but also to improve the funding of promising innovative ideas, which in
turn makes new ventures more likely to succeed.

The ripple effect in the context of an economic expansion can turn into an unraveling effect
in the context of an economic contraction. We show that exit of VCs from the market can
adversely affect the survival rates of new VC-backed ventures, potentially triggering a wave of
failures in the VC market. The reason is as follows. Market exits inevitably curb the degree
of competition among the remaining VCs for entrepreneurs with high quality business ideas.
Due to fewer alternatives, entrepreneurs are then compelled to accept VC contracts that provide
them with less capital to turn their innovative ideas into marketable products. Lower capital
endowments of new ventures, however, deteriorate their prospects of success.

Our paper is closest in spirit to the equilibrium models of the VC market as devised by
Inderst and Miiller (2004), Silviera and Wright (2010), and Sgrensen (2007).” Our paper differs
in two important aspects from Inderst and Miiller (2004) and Silviera and Wright (2010). First,
both papers consider a search equilibrium, whereas we study matching. The search equilibria in
their models are characterized by the ratio of the number of VCs to the number of entrepreneurs,
commonly referred to as "market thickness" in the search theory literature. Using a matching
framework, however, we show that it is not just the market thickness that matters; the qualities

of entrepreneurial ideas and the expertise of VCs are also critical for the optimal design of VC

®This implication is not only restricted to the VC market, but does also apply to angel investments. For the latter,
our paper provides clear and intuitive arguments against the reform bill recently proposed by Senator Chris Dodd
from the District of Connecticut. This reform bill would raise regulatory hurdles for angel investors by requiring
them to register with the U.S. Securities and Exchange Commission (SEC), and by doubling their income and
wealth baselines; see Farrell (2010).

"Dam (2007) also studies matching between venture capitalists and firms. However, his setting and predictions
are substantially different from ours. He considers a market where venture capitalists are heterogeneous with
respect to their monitoring ability, and firms are heterogeneous with respect to their levels of initial wealth. The
matching equilibrium in his framework is negative assortative (NAM): venture capitalists with higher monitoring
ability invest in firms with lower initial wealth.



contracts, especially since they determine the (endogenous) outside options of entrepreneurs.
Second, Inderst and Miiller (2004) consider homogenous VCs and entrepreneurs, while Silviera
and Wright (2010) introduce ex-post heterogeneity, i.e., the heterogeneity arises after a VC is
matched with an entrepreneur. In contrast, we explicitly account for different match qualities
by allowing entrepreneurs to be ex-ante heterogenous with respect to the market potential of
their ideas, and VCs with respect to their expertise.

Sgrensen (2007) devises a structural model based on a two-sided matching model of VCs
and entrepreneurs. The matching model in Sgrensen (2007) differs from ours in the following
respects. First, in Sgrensen (2007), contracts between VCs and entrepreneurs are exogenous.
By contrast, we derive the optimal contract featuring an equity stake and investment by the
VC. Second, Sgrensen does not model the link between all entrepreneur-VC pairs that occurs
via their outside options. We show that this link gives rise to the endogenous matching effect,
which is crucial towards understanding the inter-relationship between the VC market as a whole
and the properties of individual VC contracts. Third, we examine the effect of economic cycles
on equilibrium VC contracts. We find that such considerations reveal the ripple effect that
permeates the VC market as ventures enter and exit, which in turn generates important insights
into the functioning and possible failure of the VC market.

The remainder of the paper is structured as follows. Section 2 introduces the features of
our model. Section 3 derives the optimal contract of an entrepreneur-VC pair in the absence
of endogenous matching. Section 4 incorporates two-sided matching in the VC market and
characterizes the equilibrium contracts. Section 5 investigates the roles of economic expansions
and contractions in the VC market, and how they affect the contractual relationships between
entrepreneurs and VCs. Section 6 discusses the implications when allowing each VC to finance
multiple (heterogeneous) entrepreneurs. Section 7 then addresses empirical ramifications of the
model for future research. Section 8 concludes. All proofs for our lemmas and propositions can

be found in the Appendix.



2 Preliminaries

2.1 The Structure and Timing of the Model

Consider a market of ny > 2 risk-neutral entrepreneurs and ny ¢« > 2 risk-neutral VCs. There
are more entrepreneurs than venture capitalists, i.e., ng > ny¢. All entrepreneurs are wealth

constrained and their reservation utilities are normalized to zero.® There are four dates:

1. Entrepreneurs are endowed with ideas for new ventures.

2. Each VC matches with an entrepreneur and offers him a contract that consists of an equity

share of the venture and an investment.
3. Entrepreneurs exert unobservable effort.

4. Profits of ventures are realized and payments are made.

At date 1, each entrepreneur i, i € E = {1,...,ng}, conceives an innovative business idea,
denoted ;, where a higher value of y; reflects an idea of superior quality (or market potential).
Entrepreneurial ideas can be ranked according to their respective quality, i.e., ft,, > ... > [o >
1. To commercially exploit his idea, each entrepreneur relies on a capital investment /&; as well
as on managerial and marketing expertise, both provided by a VC.? Let x; denote the expertise
of VC j, j € V. = {1,...,nyc}, where a superior expertise is reflected by a higher z;, i.e.,

Tpye = ... > Tp > xp. Entrepreneurial ideas and VC expertise are common knowledge.' At

8While we initially assume a zero outside option for every entrepreneur, a strictly positive reservation utility
for entrepreneurs with high-quality projects arises endogenously in our matching framework.

The dependency of entrepreneurs on VC expertise excludes debt as a viable form of financing their start-ups.
However, if VC expertise was not crucial, debt financing could be preferred in some cases; see Ueda (2004) and
Thiele and Tombak (2010). To account for debt financing as an alternative to VC financing, one could extend
our framework by assuming a strictly positive outside option for entrepreneurs which reflects their expected utility
when using debt to start their ventures. As will become clear from our analysis, however, this would not change
our results.

1%While a potential information asymmetry problem with respect to the qualities of entrepreneurial ideas is
not the focus of this paper, one could extend our framework to account for such private information. As is well
known from the standard adverse selection literature, entrepreneurs with high quality ideas would then extract an
information rent.



date 2, each VC matches with exactly one entrepreneur.!! A VC j then makes its entrepreneur
i a take-it-or-leave-it offer with a contract I';; = {)\;;, K;; } that specifies an equity share )\;; of
the venture for the entrepreneur as well as the VC’s capital investment K;;. The cost of capital
faced by each VC is exogenous and denoted r > 0.

At date 3, after signing the contract I';;, entrepreneur ¢ exerts effort e;; to turn his idea
into a marketable product. Implementing effort e;; imposes the cost c(e;;) = e7;/2. The
entrepreneur’s effort e;;—which cannot be observed by the VC— determines the likelihood
of whether the venture succeeds (Y;; = 1) or fails (Y;; = 0). Specifically, we assume that
Prob[Y;; = 1|e;;] = e;;.'* Finally, at date 4, the profit of each venture is realized, and payments
according to the respective contracts are made.

A key property of our framework is the reliance of entrepreneurs on the expertise of VCs
to turn promising ideas into marketable products. Intuitively, the value of this expertise is
closely related to the quality of the entrepreneur’s specific idea. To capture this notion, let
Qi; = Qug,zj) > 0 denote the match quality between an entrepreneur with idea y; and a
VC with expertise z;. The match quality (2;; is strictly increasing in both the entrepreneur’s
idea quality p; and the VC’s expertise x;, where ideas and expertise are complements (i.e.,
O*Qi, x4)/0x;0p; > 0). This in turn allows us to rank ventures according to their respective
match quality, where we henceforth refer to the resulting collection of ventures—consisting of
entrepreneurs each matched with one VC—as a ladder.

Let II;; € {0, 7(K;;,€2;;)} denote the gross profit of the venture started by entrepreneur ¢

and financed by VC j, where 7(K;,(2;;) > 0 denotes the gross profit of a successful venture

""To keep our framework as simple as possible, we focus on one-to-one matching. However, our analysis
can easily be extended to a many-to-one matching, where a venture capital firm can contract with multiple en-
trepreneurs. We discuss the implications in greater detail in Section 6.

12To ensure interior solutions, we will assume that the venture’s potential profit, denoted by 7, is always smaller
than one, so that even the first-best effort level e{jb guarantees that Prob[Y;; = 1‘6{;7} <L



(i.e., Y;; = 1). Given the entrepreneur’s effort e;;, the VC’s capital investment K;;, and the

match quality €2;;, the expected profit of entrepreneur i’s venture financed by VC j is
E[lLeij, Kij, Q] = m(Kij, Qij)es;. (D

The realization of II;; is uncertain from an ex ante perspective, implying that the VC cannot
perfectly infer from the realized profit 11;; the entrepreneur’s effort level e;;, leading to a typical
moral hazard problem.

We now elaborate on the underlying properties of the gross profit 7( K, §2;;) of a success-
ful venture. A venture’s profit 7(K;,€2;) can only be strictly positive if (7) the entrepreneur
implements effort (e;; > 0), (i¢) the VC provides capital (;; > 0), (izi) the entrepreneur has
a marketable idea (y; > 0); and (iv), the VC is equipped with expertise (z; > 0). Technically,
we assume

(0, i, 25)) = (K35, 0, ;) = (K5, g, 0)) = 0.

Furthermore, we assume that 7(K;,€2;) is concave increasing in the VC’s investment K;

YR
and in the match quality €2;;. Finally, we make the following assumptions to ensure interior
solutions:
aﬂ‘(Ki]‘, Q”) 87T(Kij, Q”) 87T(Kij, ng) 0
_—_— = 0 _—_— = - = .
0K, ’ 0825 K OKi; Qi;=0

Ki;=0 =0

These assumptions imply that the first unit of capital K;; is very productive, but only as long as
the match quality in question is strictly positive. We further assume that a higher match quality

Q;; makes every unit of capital K,; more productive, 07 (K,;, Q;;)/(0K;;0;;) > 0.



2.2 The Efficient (First-Best) Contract

To evaluate how matching affects efficiency in the VC market and by extension provide policy
implications, we first derive the contract between entrepreneur ¢ and VC 7 which maximizes
the total surplus from the venture. To do so, suppose a social planner can dictate entrepreneur
’s effort level e;; as well as the investment K;; by VC j. The social planner would choose
the (first-best) effort level e and the (first-best) investment K ifjb that maximize each venture’s
expected total surplus S;;. The problem of the social planner can thus be stated as follows for a

venture with match quality €2;;:

max  Sj;(eij, Kij) = m(Kij, Qij)es; — €5, /2 — rK;;. (2)

{3137 ij

Notice that S;;(e;;, K;;) is not affected by the entrepreneur’s share \;; of the venture’s profit
(K5, $;) (if successful) since \;; determines only the allocation of surplus, and not the size

of the total surplus. The following lemma characterizes the solution to this problem.

Lemma 1 (First-Best Contract) The socially efficient investment Kfjb by VC j is implicitly

characterized by
on (sz;b’ Q; ) B r ' 3)
0K (Kz];b7Qij)7

and the socially efficient effort level e of entrepreneur i is

efl = m(KI' Q). 4)

1] )

To ensure that e{jb < 1, and hence Prob[Y;; = 1|€ijb] < 1, we assume that W(Kgb, Q) <1

for the socially optimal capital investment K Zf " and any possible match quality €;;."* We will

draw on the socially efficient investment K;; 7% and effort level e!” as emphasized by Lemma 1 in

13 Alternatively, one could incorporate a parameter v > 0 in the entrepreneur’s effort cost function so that
c(eij) = yej;/2. Assuming a sufficiently high cost parameter - would then also ensure that Prob[Vj; = 1 \efjb] <
1.



subsequent sections to characterize the effect of endogenous matching on the efficiency of VC

contracts in a second-best environment.

3 The Venture Capital Market in the Absence of Matching

To establish a benchmark that enables one to identify the impact of endogenous matching, we
first derive the optimal VC contract in the absence of endogenous matching. To do so, we
proceed in two steps. First, in Section 3.1, we characterize the entrepreneur’s effort choice for
a given VC contract. Second, we derive the optimal VC contract in Section 3.2 by accounting

for the entrepreneur’s effort choice.

3.1 An Entrepreneur’s Effort

We begin our analysis by investigating entrepreneur ¢’s effort choice for a given contract I';; =
{\ij, Ki;} offered by VC j, withi € {1,...,nyc}and j € {1, ...,ng}. For a given match quality

€25, capital investment K;;, and share of the venture’s profit \;;, the entrepreneur chooses his

ij»

effort e;; to maximize his expected utility

max Ui(eija Aij, Kij, Qij) = )\z‘jW(sz, Qij)eij - G?j/z &)

€ij

The entrepreneur’s effort choice is thus
62}- = )\UTI'(KU, Q”) (6)

Clearly, the entrepreneur’s effort e;; is increasing in his profit share \;;, the investment K,
his idea quality y;, and finally, in the specific expertise of the VC ;. This is very intuitive: a

higher capital investment or a better match quality makes every unit of the entrepreneur’s effort

10



more productive. In response, it is optimal for the entrepreneur to put in more effort in order to
maximize his expected utility.

Finally, notice that the entrepreneur’s participation constraint is always satisfied (assuming
an initial outside option of zero) because potential losses (up to K;) are only incurred by the
VC firm—which is rooted in the entrepreneur’s limited wealth. His limited liability further
implies that the entrepreneur extracts an economic rent, which can be shown (using the Envelope
Theorem) to be strictly increasing in his profit share \;;, the VC’s capital investment K;;, and

in the specific match quality €2;; of his venture.

3.2 A Venture Capitalist’s Contract Choice

In this section, we derive the optimal contract offered by a VC in the absence of endogenous
matching. This contract is not only aimed at securing the VC an adequate return on its invest-
ment, but also at motivating the entrepreneur to implement sufficient effort in order to turn his
idea into a profitable product. Clearly, to indirectly control the entrepreneur’s effort choice, the
VC can simply adjust his share \;; of the venture’s profit. Less obvious, however, is the fact that
the VC can also utilize its investment /;; to influence the entrepreneur’s effort. As discussed
in Section 3.1, a higher capital investment makes every unit of the entrepreneur’s effort more
productive, which in turn induces him to implement more effort.

Consider the contract I';; = {);;, K;;} offered by VC j to entrepreneur i. The VC adjusts
this contract to maximize its expected profit, taking the entrepreneur’s effort choice e into
account. The VC’s expected profit is thus given by

H;;C()\Z‘ﬁ Kij’ er QZ]) = (]_ — /\ij)ﬂ-(Kiju Qij)e;‘j — T’Kij. (7)

(YR

11



By accounting for e;; as defined by (6), the expected profit of VC j becomes
I1C (Nijs Kij, Qi) = Aig(1 = Nij) w2 (Ko, Q) — 7K. (8)

Before deriving the optimal contract '}, it is insightful to unravel the relationship between

ij?
the allocation of equity and the VC’s expected profit. We start by briefly discussing the extreme
cases: all shares are either allocated to the VC (\;; = 0) or the entrepreneur (\;; = 1). Due
to the lack of any prospective compensation, it is obvious that the entrepreneur refuses to im-
plement effort whenever the VC holds all shares (i.e., A;; = 0), implying a zero profit for the
VC as Prob[Y;; = 1le;; = 0] = 0, ie., I, (N = 0, K;5,€;) = 0. On the other hand, if the
entire profit of the venture accrues to the entrepreneur (i.e., A;; = 1), the VC clearly does not
benefit from the new enterprise. We thus conclude that financing the new venture can only be
profitable for the VC as long as both parties hold some shares (i.e., \;; € (0, 1)).

The optimal VC contract I'};—comprising the entrepreneur’s share \}; and the VC’s invest-
ment K;;—is dictated by two objectives: (i) to provide the entrepreneur with sufficient effort
incentive to turn his idea into a profitable product; and (i), to equip the new venture with suf-
ficient capital, not only aimed at ensuring its survival, but also at generating an adequate return

on investment for the VC.

The following lemma characterizes the VC contract that maximizes (8).

Lemma 2 (VC Contract without Endogenous Matching) Suppose there is no endogenous match-
ing in the VC market. Then, the optimal contract between entrepreneur i and VC j comprises
the profit share \j; = 1 /2 for the entrepreneur, and the capital investment K which is implicitly

defined by
on(KF,Q
—< ij2$tia) = 2r. 9)

ij

157

12



In the absence of endogenous matching, it is optimal for the financiers to equally split the
shares of new ventures.!* We will demonstrate in the next section that the split of shares is not
even when accounting for endogenous matching in the VC market. Finally, by comparing (9)

with (3), it becomes clear that the optimal contract {\};, K} } entails under-provision of capital

1)
from a social perspective, i.e., K;; < K z’;b A comparison of (6) with (4) further reveals that
entrepreneur ¢’s effort level under this contract is also inefficiently low, i.e., j; < ef b

Using the optimal contract I';; = {\};, K};} stated in Lemma 2, one can derive the expected

K

utility of entrepreneur  matched with VC j:

UY (K5, Q) = w2 (K5, Qi) /8. (10)

177 177

The superscript V' indicates that the entire bargaining power in this relationship rests with the
VC. Entrepreneur ¢’s expected utility U, V(KZ’;, (2;;) constitutes his lowest possible expected
utility level in our matching framework, which will play a fundamental role in our subsequent
analysis.

The next lemma elaborates on how the optimal contract I'j; = {\};, K7} responds to differ-

ent match qualities, as measured by (2;;.

Lemma 3 (Properties of the VC Contract without Endogenous Matching) Suppose there is
no matching in the VC market. Then, entrepreneur i’s share \}; is independent of the match

quality 2;;, while the capital investment K is increasing in ;.

A better match quality—stemming either from a more promising entrepreneurial idea (y;) or
superior VC expertise (x;)—enhances the payoff for the VC when supplying the entrepreneur

with more capital K;. On the other hand, providing the entrepreneur with the share \j; = 1 /2

“Note that this result is rooted in our specific assumptions about the entrepreneur’s effort cost function cleij),
and how his effort affects the performance of the venture. However, the specific value of A; is of minor importance
for our subsequent analysis as we are mainly interested in how matching in the VC market alters the relative
allocation of equity between entrepreneurs and their financiers.

13



already maximizes the VC’s return on investment, and is thus independent of the venture’s
specific match quality.

Applying the Envelope Theorem to (8) and (10) yields the following lemma, which em-
phasizes the effect of the match quality €2;; on the expected utility of entrepreneur ¢ and the

expected profit of VC j.

Lemma 4 (Impact of Match Quality without Endogenous Matching) Suppose there is no en-
dogenous matching in the VC market. Entrepreneur i, 1 = 1,....,n, and VC j, j = 1,...n,

strictly benefit from a superior match quality ();;, i.e., dUZ.‘J/»/dQZ»j > 0 and dﬂl‘gc/inj > 0.

Both parties strictly benefit from a superior match quality, rooted either in a more promising
entrepreneurial idea or in greater VC expertise. This observation will have important implica-

tions for the properties of the matching process in the VC market, which we now turn to.

4 The Matching of Entrepreneurs with Venture Capitalists

4.1 Properties of Matching in the Venture Capital Market

After having derived the optimal VC contract in the absence of endogenous matching, we are
now well equipped to investigate the optimal contracts offered by VCs when forming partner-
ships with entrepreneurs in a two-sided heterogeneous market. To do so, we proceed in two
steps. In this section, we first identify the general properties of the matching process in the
VC market. Then, in the subsequent section, we elaborate on the optimal adjustment of VC
contracts when taking endogenous matching into account.

In a traditional principal-agent setting, an entrepreneur is forced to accept the offer of a
specific VC. However, if entrepreneurs are free to choose the VC with the most attractive offer,
it is intuitively clear that optimal VC contracts must take into consideration the best alterna-

tive available to an entrepreneur. VC j thus designs the contract {);;, K;;} to maximize its

14



expected profit subject to the entrepreneur receiving at least his outside value u;;, which we

will characterize later. The constrained optimization problem of VC j can thus be expressed as

follows:
S.t.
N (Kij, Qug)es; — (e5;)7 /2 > iy, (12)

where e}, = Aijm (K, €;). The maximized objective function ﬁij (wij, ;) defines the bar-
gaining frontier between VC j and entrepreneur ¢. Whether the entrepreneur’s individual ratio-
nality (IR) constraint (12) is binding clearly hinges on his specific reservation utility u;;. We

can infer from our previous analysis that Ui‘;,

as defined by (10), constitutes the lower bound
of u;;. This is the utility level that entrepreneur ¢ receives when contracting with VC j in the
absence of endogenous matching, assuming that the entire bargaining power rests with the VC.

The maximum value of u;;, on the other hand, is denoted by UZ, which constitutes entrepreneur

13 °
1’s expected utility in case the entire bargaining power rests with him, and not with VC j as con-
sidered above.'> The next lemma emphasizes an important property of the bargaining frontier

defined by ﬁij (wiz, ij).

Lemma 5 (Bargaining Frontier) The bargaining frontier ﬁ,-j (wij, §2;) is decreasing in the en-

trepreneur’s reservation utility ug; for u;; € (U,

UE)

Figure 1 visualizes the result highlighted by lemma 5. The bold curve depicts the bargaining
frontier I1;;(u;j, €2;;), which consists of the Pareto-optimal utilities for the (4, j) pair.
We can now define the equilibrium in the VC market when each VC matches with one

entrepreneur (one-to-one matching).

5As will become clear, our subsequent analysis does not rely on the specific functional form of Uf; . For
completeness purposes, we formally derive Ui];; in the Appendix.
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Figure 1: The Bargaining Frontier

Definition 1 (VC Market Equilibrium) An equilibrium in the VC market consists of a one-to-
one matching function m : E — V and payoff allocations 11* : V' — R and v* : EE — R, that

satisfy the following two conditions:

(i) Feasibility of (II*,u*) with respect to m: For all i € E, {II*(m(i)),u*(i)} is on the

bargaining frontier ﬁ(uim(i), Qi7m(,~)).

(11) Stability of m with respect to {11*,u*}: There do not exist a pair (i,j) € E x V, where

m(i) # j, and outside value u > u* (i) such that T;;(u, ;) > II*(j).

The two conditions guarantee the existence of a stable matching equilibrium in the VC mar-
ket.'® Specifically, the feasability condition requires that the payoffs for VCs and entrepreneurs
must be attainable, which is guaranteed whenever the payoffs of any (7, m(¢)) pair are on the
bargaining frontier ﬁi7m(i)(ui7m(i), Qi,m(i))- Moreover, the stability condition ensures that all
matched VCs and entrepreneurs cannot become strictly better off by breaking their current part-

nership (and matching with a new VC or entrepreneur).

16Note that we consider a Nash equilibrium in a simultaneous move game, i.e., all VCs make their contract
offers simultaneously, and then, all entrepreneurs accept their contracts at the same time. However, since the idea
qualities y;, ¢ = 1,...,ng, of entrepreneurs as well as the expertise z;, j = 1,...,ny¢c, of VCs are common
knowledge, we would obtain the same matching equilibrium in a sequential move game.
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We would obtain positive assortative matching (PAM) whenever entrepreneurs with high
quality ideas are matched with VCs enjoying high expertise. The opposite occurs with nega-
tive assortative matching (NAM). The next definition formalizes the characteristics of positive

versus negative assortative matching.

Definition 2 (Assortative Matching in the VC Market) Consider two entrepreneurs i and 1’
with idea qualities p; > |1, and suppose that entrepreneur i is matched with VC j = m(i) and
entrepreneur i’ is matched with VC j' = m(i'). The matching equilibrium is positive assortative

(PAM) if the VCs’ expertise satisfy x; > xj; and negative assortative (NAM) if v;; > x;.

Applying the criteria identified by Legros and Newman (2007) to our framework, we can
infer that the matching equilibrium is positive assortative if: (i) the cross-partial derivative of
the bargaining frontier ﬁij(uij, (2;;) with respect to the entrepreneur’s idea quality x; and the
VC’s expertise x; is positive, i.e., GQEJ» /(Op;0x;) > 0; and (i7), it is relatively easier for a
high (versus low) expertise VC to transfer surplus to an entrepreneur, i.e., 9°I;; /0u;;0z; > 0.
The first condition is the standard complementarity condition that guarantees positive assorta-
tive matching in models with transferable utility (see Shapley and Shubik (1972) and Becker
(1973)). However, as shown by Legros and Newman, this is not a sufficient condition to guar-
antee PAM whenever utility is non-transferable, as in our framework."”

The next lemma derives sufficient conditions for PAM to arise in the VC market.

Lemma 6 (PAM in the VC Market) The matching between VCs and entrepreneurs is positive

assortative (PAM) if the following two conditions are satisfied:

(i) The profit function w(K;;,$Y;) is increasing and concave in the capital investment K;;
and match quality 2;;, with complementarity between the two, i.e. 0*m(K;j, ;) /(0K ;;0Q45) >

0.

7In our framework, utility can be transferred via the investment K and profit share A. These two instruments,
however, transfer surplus imperfectly as they also affect the size of the surplus. Due to entrepreneurs’ limited
liability, side payments from entrepreneurs to VCs are not feasible, which is an important characteristic of VC
markets; see Sgrensen (2007) for a discussion.
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(i1) The match quality Q;; = Q(;, ;) is increasing in the entrepreneur’s idea quality p; and
the VC’s expertise x j, with complementarity between the two, i.e. 9*Q(u;, x;)/(Op0x;) >

0.

Our assumption of the venture’s gross profit w(k;;,(2;;) and the match quality function
(i, z;) exhibiting diminishing marginal returns is not only very intuitive, but also implies (in
addition to the two emphasized complementarity conditions) that matching in the VC market
is positive assortative. Moreover, PAM is also efficient from a social perspective. Our con-
ditions guarantee that a social planner would also prefer matching to be positive assortative.
Interestingly, the conditions that guarantee that PAM is socially efficient are weaker than the
ones stated in Lemma 6 because it is ultimately irrelevant for the social planner how easily the
matched parties can transfer surplus.

Given there is PAM, the top ny ¢ entrepreneurs will match with the ny ¢ venture capitalists.
The remaining np — ny ¢ entrepreneurs will remain unmatched. Therefore, the market consists
of ny ¢ matched VC-entrepreneur pairs. The highest quality entrepreneur is 7 and the lowest

quality is 1. Hence, the last matched entrepreneur is ng — ny¢ + 1.

4.2 Matching and the Design of Venture Capital Contracts

Before we can draw any inferences about matching and the optimal design of VC contracts, it
is essential to first derive conditions for a given entrepreneur-VC match being affected by an
improved alternative for the entrepreneur as captured by a higher reservation utility u,;. This is
important because some matched entrepreneurs might be "out of reach" of other VCs. For these
partnerships, alternative matches are irrelevant, and the optimal VC contract is thus identical to
the one derived in Section 3 in the absence of endogenous matching.

Consider two adjacent entrepreneur-VC matches (i,m(i)) and (i — 1, m(i — 1)). Lemma 6
provides a useful characterization of the matching problem. Accordingly, entrepreneur ¢ is the

most desirable entrepreneur for all VCs that are ranked below VC m(i), but among those, it is
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Figure 2: The VC Market Equilibrium with Positive Assortative Matching (PAM)

VC m(i — 1) which has the highest willingness to pay for entrepreneur 4.'® Therefore, VC m/(4)
directly competes for entrepreneur ¢ only with VC m(i — 1) (i.e., the one ranked directly below
m(i)), which in turn allows us to define the outside option of entrepreneur ¢ when he is matched
with VC m/(i)."

Figure 2 is a graphical depiction of the VC market equilibrium with its corresponding lad-
der of matched pairs exhibiting PAM, and unmatched entrepreneurs that are endowed with
sufficiently poor quality ideas so that they do not receive VC financing. Solid lines represent
(stable) matches, while the dashed line represents the outside option of entrepreneur %, which is

to contract with VC m(i — 1).

8The positive cross-partial derivative of the bargaining frontier with respect to the entrepreneur’s idea quality
and VC’s expertise, and the fact that it is easier to transfer surplus to an entrepreneur as the match quality of the
specific venture increases, ensure that the highest bid for entrepreneur 4, among all venture capitalists below m(3),
originates from venture capitalist m(: — 1).

YIn contrast, it is not optimal for VC m(i) to make a contract offer to the lower ranked entrepreneur i — 1
because such a match would result in a lower expected profit for VC m(i); see Lemma 4.
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Let u; ,,,(;—1) denote the maximum utility that entrepreneur ¢ can obtain from VC m(i —
1), provided that VC m(i — 1) does not become worse off relative to its current match with

entrepreneur ¢ — 1. Formally, u; ,,;—1) 1s defined by

Uim(i—1) = max )\?mi_ w? K mi-1), Qim(i— 2 (13)
m(=1) {Niym-1) Kimi-1t (-1 ( m(i=1) ™ 1))/

S.t.

Xigm(i-1)(1 = )‘i,M(i—l))ﬂ-Q(KLm(i—l)a Qim(i-1)) — TKim—1) = I*(m(i — 1)),

where €; ;,,(;—1) denotes the match quality when entrepreneur ¢ matches with the lower ranked
VC m(i—1). Consequently, the equilibrium utility of entrepreneur ¢ is u* (i) = max {u@m(i_l), Uy
According to the properties of the bargaining frontier as stated in Lemma 5, 1; ;,,(;—1) 1S increas-
ing in €2; ;,,(;—1), and decreasing in IT*(m(i — 1)). Hence, u;,,;—1) depends negatively on the
equilibrium profit of the VC that is right below entrepreneur 7 in the ladder (i.e., m (i — 1)),
and positively on the match quality €2; ,,;_1) with VC m (i — 1). A higher equilibrium profit
IT*(m(i — 1)) reduces the incremental profit of VC m (i — 1) if it contracts with entrepreneur i
instead of ¢ — 1. The maximum bid which VC m/(i — 1) is willing to make, therefore decreases,
all else equal. On the other hand, a higher match quality, €2; ;,,(;—1), increases VC m (i—1)s
incremental profit, and hence its willingness to pay for entrepreneur <.

Due to PAM in the VC market, it is clear that the higher expertise VC m(i) can always
outbid the lower expertise VC m(i — 1). Nevertheless, the improved alternative for the higher
idea quality entrepreneur i might require the higher expertise VC m(i) to adjust its contract
{/\im(i), K@m(i)} in order to transfer more surplus to the entrepreneur, and thus to ensure en-

trepreneur i accepts the contract. Technically, the higher expertise VC m(i) needs to adjust

the contract {)\Z’,m(i), K,»ﬁm(i)} whenever u; ,,(;—1) (the maximum utility that entrepreneur 7 can

20Note that Ujm(i—1) 18 the quasi-inverse of the bargaining frontier, ﬁ(uim(i_l), Qi,m(i—l))’ between en-
trepreneur ¢ and VC m(i — 1). See Legros and Newman (2007) for the formal definition of the quasi-inverse
of the bargaining frontier.

20



obtain from VC m(i — 1) with endogenous matching) exceeds UXm(i) (the expected utility of
entrepreneur ¢ paired with VC m(i) when the entire bargaining power rests with the VC and
there is no endogenous matching).

When is the higher expertise VC m (i) compelled to offer the higher idea quality entrepreneur
1 a more attractive contract? Put differently, when does the condition Ui‘fm(i) < Ujgm(i-1)
hold? Our first proposition establishes a condition under which matching is relevant for a given
entrepreneur-VC pair (i, m(7)), and hence affects the associated VC contract, giving rise to the

endogenous matching effect.

Proposition 1 (The Endogenous Matching Effect) Consider the entrepreneur-VC match (i, m(7))
with i > 2. Then, there exists a threshold match quality ﬁi,m(iq), with ﬁi,m(iq) < 8 m (i), such

that for

(1) Qim@—1) > ﬁi,m(i_l), endogenous matching alters the contract {X; y(s), Kim(i)} between

entrepreneur i and VC m(1), Le., UV ) < Uim(i-1);

(i) i m(i—1) < Q) im(i—1), endogenous matching does not alter the contract {\; iy, K; m(i)},
> U

L UV

i,m(%)

Us,m(i—1)-

Proposition 1 provides an important implication about the role of endogenous matching in
the VC market. Suppose a match between entrepreneur 7 and the lower ranked VC m(i — 1)
results in a sufficiently high match quality €2; ,,,;—1) (i-e., £ (i—1) > ﬁiym(i,l)). This is the case
whenever the predominant force behind a match quality improvement is the idea quality u; of
entrepreneur <. Intuitively, this can be observed whenever entrepreneurial ideas are sufficiently

heterogenous, while the expertise of VCs is very similar. We infer the following:

Corollary 1 (Identifying the Endogenous Matching Effect) The endogenous matching effect
arises in VC markets if entrepreneurial idea qualities are relatively dispersed and/or the exper-

tise of VCs is sufficiently concentrated.

21



If -1y > ﬁi,m(i—l)» entrepreneur ¢’s maximum expected utility 1 ,;—1)—Wwhich he
could get by contracting with the lower ranked VC m(i—1)—exceeds his expected utility U Xm(i)
when accepting the previously derived contract I'j; = {A;, K} from VC m(i); see Lemma
1. However, we can infer from Lemma 4 that the higher expertise VC m(i) can profitably
match m(i — 1)’s contract offer {\; ,(i—1), K m(i—1) }, While also making the higher idea qual-
ity entrepreneur m(7) strictly better off. This in turn implies that VC m(i) offers entrepreneur
7 a contract {)\i,m(i)’ Ki7m(i)} that guarantees him an expected utility of at least u; ,(;—1) (his
maximum expected utility when contracting with VC m(i — 1)), which exceeds UXm(i) (his ex-
pected utility in the absence of endogenous matching). Therefore, while the entrepreneur-VC
match (4, m(7)) is mutually beneficial, and—according to Lemma 6—constitutes the equilib-
rium outcome, matching considerations nonetheless alter entrepreneur ¢’s equilibrium contract
{Xim(i)s Kim@) } in his favor as endogenous matching forces VC m(i) to cede some of the sur-
plus in order to attract entrepreneur ¢. This in turn suggests that entrepreneurs generally benefit
from the matching process in the VC market. In other words, if €; ;1) > §i7m(i_1) holds,
each matched entrepreneur i € {1,...,ng — nyc + 2} (except for the one with the lowest idea
quality fty,,—n,+1) €arns a matching rent.

By applying the Envelope Theorem to (13), one can show that entrepreneur ’s maximum
expected utility when being matched with the lower ranked VC m(i — 1), ©; mm(i—1), is increasing
in the corresponding match quality €2; ,,;—1). Thus, entrepreneur 7 extracts a higher matching
rent whenever the match quality difference €2; ;) — €2; 1 (i—1) becomes smaller. Intuitively,
the competition among VC m(i) and VC m(i — 1) for entrepreneur i’s business idea then

becomes more severe, allowing entrepreneur ¢ to capture more of the surplus from the venture

in equilibrium. We therefore state the following:

Corollary 2 (The Magnitude of the Endogenous Matching Effect) The endogenous match-
ing effect is stronger in VC markets the more dispersed are entrepreneurial idea qualities and/or

the more concentrated is the expertise of VCs.
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So far, we have examined whether VCs are forced to adjust their contracts due to endoge-
nous matching. We now investigate in detail how matching alters the profit share A; ;) for
the entrepreneur as well as the capital investment K ;. According to Lemma 1, we need
to distinguish between two cases. First, if €2; ;1) < ﬁi,m(i—l), entrepreneur ¢’s participation
constraint (12) does not bind for the contract {)\Zm(i), K Zm(i)} as derived in Section 3 in the ab-
sence of endogenous matching. Thus, there is clearly no need for the corresponding VC m(z) to
adjust its contract offer as entrepreneur ¢ is better off accepting this contract rather than pursuing
his best alternative (i.e., contracting with VC m(i — 1)). As a result, if €2, ;1) < ﬁi,m(i_l),
the matching process does not affect the optimal VC contracts as derived in Lemma 2.

On the other hand, if €2; ,(;—1) > ﬁi,m(i,l), then endogenous matching results in an adjusted
contract offer {\; ;) K m()} from VC m(i). This can be observed because without such an
adjustment, VC m(i — 1) would simply outbid VC m(i) in order to attract entrepreneur i. Tech-
nically, entrepreneur ¢’s participation constraint (12) is violated for the contract {/\;m( i) K Zm( i)}
(see Lemma 2). Matching in the VC market thereby has an impact on the contractual arrange-
ments between VCs and entrepreneurs.

For the remainder of this paper, we assume that €2; ,,,(;—1) > ﬁi,m(i—l) holds: the competition

for entrepreneur ¢’s business idea with quality u; forces VC m(i) to cede more of the surplus

M
i,m(4)

through adjusting its contract offer {\ K f\fn( i)}.ZI The next lemma characterizes the opti-

mal adjusted VC contract {Ai,m(i)a Ki,m(i)} in case matching matters (i.e., €2; ,(i—1) > ﬁi,m(i—l))-

Lemma 7 (VC Contracting with Endogenous Matching) Suppose ), ,,,;—1) > ﬁi,m(i,l). Then,
the optimal contract between entrepreneur i and VC m(i) comprises the profit share

2u*(7)

M —
i,m(4) W(Ki],\{n(iy Qi)

(14)

2I'This case is also empirically more relevant; see Sgrensen (2007).
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for the entrepreneur, and the capital investment K %n(i) by the VC implicitly defined by

GW(K%(i), Qi) _ r (15)
0K m(i) 2u*(7)
The optimal contract in the presence of endogenous matching, {/\z} (i) KM im() }, as empha-

sized by Lemma 7 will play an important role in the next section when we investigate how
economic cycles affect the efficiency of VC contracts. From a closer inspection of (15) it be-

comes clear that VC m(i)’s investment K M (i) 18 Increasing in the value of entrepreneur i’s

i)
outside option u*(7). Since a higher investment also motivates the entrepreneur to implement

more effort (see (6)), it follows that his outside option u*(7) also has an indirect and positive

effect on his equilibrium effort €., and thus on the probability that his venture will be success-

’L]’

ful. To summarize, endogenous matching in the VC market improves the incentives for VCs
to invest in new ventures, and at the same time, enhances entrepreneurs’ incentives to exert ef-
fort in order to turn their innovative ideas into marketable products. However, does endogenous
matching eventually lead to the first-best investment K ifjb and effort level ezfjb? The next proposi-
tion proves that—despite the adjustments engendered by the matching process—the investment

and effort levels remain sub-efficient from a social perspective.

Proposition 2 (VC Contracting with versus without Endogenous Matching) The optimal con-

tract {\M K i],\/;[n( iy} between entrepreneur i and VC m(i) with endogenous matching exhibits

i,m(3)?

greater investment and effort levels compared to the contract {\* K., } in the absence

1,m(3)?

of endogenous matching, i.e., KM

im() > K Z* and e @) > e m(i) However, the investment

K %l(i) and effort esz( 0 with endogenous matching are still below their socially efficient levels,

fb

i,m(7)"

Kf

. M
Le., K; i m(i)

i ) and 6Z i) < €

Finally, the following lemma shows that, as one would expect, VCs and entrepreneurs with

superior ideas are better off:
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Lemma 8 (Entrepreneurial Ideas and Payoffs) The expected profit of VCs and the expected
utility of entrepreneurs are increasing in the quality of entrepreneurial ideas, i.e., II*(m(i)) >

[I*(m(i — 1)) and u*(i) > u*(i — 1) fori € E = {ng —nyc +1,...,ng}.

S Economic Cycles and Venture Capital Contracts

We now examine how economic expansions and contractions affect equilibrium contracts in
the VC market taking into account the endogenous matching effect. We address the following
questions. First, are entrepreneurs, VCs, or both, better off during expansions? Second, how
does the economic environment impact investments in new ventures? Finally, how sensitive
is the survival rate of new ventures to economic cycles? Clearly, substantially more capital is
available during economic expansions, which results in new VCs entering the market (see, e.g.
Hochberg, Ljungqvist, and Vissing-Jgrgensen (2008)). We therefore focus on the effects on VC
contracts resulting from entry and exit of VCs during economic expansions and contractions,

while keeping the number of entrepreneurs constant.

5.1 Economic Expansions

We begin by elaborating on the effects of economic expansions on equilibrium contracts in the
VC market. Suppose a new VC enters the market, which then competes with incumbent VCs
for entrepreneurs with high quality ideas.?? Intuitively, due to its limited experience relative
to incumbents, one can expect the new VC to exhibit a relatively lower expertise compared to

some (if not most) incumbents.

220ne can easily derive a condition for market entry being optimal for a VC during an economic expansion.
Intuitively, entry is more likely to be optimal whenever expected profits of new ventures increase (as e.g. in
economic booms), or alternatively, costs of entry decrease. However, the subsequently discussed implications of
entry in the VC market—which originate from the identified endogenous matching effect—still hold when allowing
for endogenous entry.
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Figure 3: The VC Market in an Economic Expansion

Suppose the new VC has the lowest expertise among all VCs in the market, and thus enters
at the bottom of the ladder. This situation is illustrated by Figure 3. In the new matching
equilibrium, the entrant VC m(ng—ny ) (that is endowed with the lowest expertise) is matched
with entrepreneur ngp — ny o, who, without entry, would have remained unmatched. Thus,
entrepreneur ny — ny¢ clearly benefits from the entry of VC m(ng — ny¢) as he is now
equipped with sufficient capital to pursue his own business idea. More interesting, however,
is the implication of entry at the bottom of the ladder for the entrepreneur-VC pairs above the
point of entry. To identify the different effects, consider first entrepreneur ngy — ny ¢ + 1 who
is matched with VC m (ng — ny¢ + 1) in equilibrium. Without entry, the reservation utility of
entrepreneur ngy — nyc + 1 would have been zero as no other VC would have offered him a
contract. After entry occurred, however, the new VC m(ng — ny¢) is now willing to also offer
a contract to entrepreneur ng — ny ¢ + 1, which in turn improves his outside option. We can
infer from Lemma 6 that in equilibrium, entrepreneur ng — ny ¢ + 1 is still matched with VC
m(ng —nye + 1). According to Lemma 2, however, VC m(ng — ny¢ + 1) must now transfer

more of the surplus to its entrepreneur ng —ny ¢ + 1 to account for his improved outside option.
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Specifically, VC m(ng — nyc + 1) is now forced to provide its entrepreneur ngp — nyc + 1
with more capital, which in turn motivates a higher effort level, and thus improves the venture’s
likelihood of survival. On the other hand, the overall profitability for VC m(ng — nyc + 1)
is reduced, which in turn makes it optimal to offer the next best entrepreneur ng — nyc + 2 a
more attractive contract (which follows from (13)). The higher ranked VC m(ng — ny¢ + 2)
is then forced to adjust the contract offer for its entrepreneur ng — ny o + 2 in order to match
his improved outside option, and so on. By inductive reasoning, we can infer that VC entry has
a ripple effect across the entire ladder of entrepreneur-VC matches. According to this logic, in
an economic expansion that results in entry by a VC at the bottom of the ladder, all VC-backed
ventures will experience greater capital investments, and ultimately, higher success rates.

To summarize, our analysis reveals that entry of VCs following an economic boom benefits
all entrepreneurs, and not just the ones that are financed by entrants. The incumbent VCs, on the
other hand, are then compelled to transfer more of the surplus to their entrepreneurs (through
more attractive VC contracts), which is rooted in the endogenous matching effect. Nonetheless,
entry improves the overall efficiency of the VC market: new ventures are now equipped with
more capital, which in turn enhances their prospects of success. The key mechanism behind
this implication is the interdependence of all ventures through the endogenous outside options
of entrepreneurs. In this sense, endogenous matching has a ripple effect in the VC market as
entrepreneurs benefit from intensified competition originating from VC entry. This prediction is
consistent with evidence in Gompers and Lerner (2000) that the more intense the competition,

the higher the amount of funding each portfolio company receives.

5.2 Economic Contractions

The ripple effect can turn into an unraveling effect during an economic contraction. Suppose
that—due to a reduction in the supply of capital—some VCs are forced to exit the market, which

clearly mitigates the extent of competition among the remaining VCs. Exit potentially triggers
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a wave of failures as it travels up the ladder. To see this, note that exit of a VC near the bottom
of the ladder imposes a negative externality on all the above ventures, which follows by simply
reversing the logic behind VC entry as described above.?® All the above ventures become more
likely to fail because of their lower capital endowments in the new matching equilibrium. Thus,
failures near the bottom of the ladder can trigger a crisis in the VC market, implying that low
quality ventures (financed by low expertise VCs) may be "too small to fail".** Interestingly,
while entrepreneurs are adversely affected by economic downturns, all VCs that remain in the
market benefit from the limited competition for entrepreneurial ideas.

An implication of our analysis is that policymakers should assist ventures at the lower points
of the ladder rather than ventures near the top because such interventions have the maximum
impact on the efficiency of the entire VC market. Indeed, failures near the top of the ladder
do not impose a negative externality on all entrepreneur-VC pairs below. On the other hand,
very high quality matches may be immune from turbulence at the bottom. Suppose there is a
significant "break" in the ladder between two groups of entrepreneur-VC matches; for example,
there is a collection of ventures that are of very high quality (e.g., the "outliers" that receive
much attention in the popular press), while there is another collection consisting of lower quality
ventures. According to Proposition 1, if the differences in quality between the two groups are
sufficiently large, such that entrepreneurs in one group are "out of reach" for VCs in the other

group, then failure in the bottom group may not affect the prospect of success in the top group.

6 Venture Capitalists Financing Multiple Entrepreneurs

To keep our analysis as simple and intuitive as possible without compromising the quality of

our insights, we have focused on one-to-one matching in the VC market. In this section, we

23We note that failure can occur anywhere in the ladder, but it is more likely to happen at the lower points.
24Note that a venture with a low match quality is characterized by a low equilibrium capital investment, and is
therefore by nature "small".
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briefly discuss how allowing each VC to contract with multiple entrepreneurs would affect our
main results.?

For simplicity, suppose the VC with the highest expertise, VC ny ¢, now wants to contract
with entrepreneurs np and ngy — 1, who have the most promising business ideas. We know
from Lemma 4 that each VC would strictly benefit from being matched with a higher quality
entrepreneur. The next lower ranked VC ny ¢ — 1 therefore competes for both high quality
entrepreneurs ng and ng — 1, but can always be overbid by the higher ranked VC ny¢; see also
our discussion in Section 4.2. Thus, the matching equilibrium is still positive assortative: VC
nyc (possessing the highest expertise zy ) matches with entrepreneurs ng and ng — 1 (provid-
ing the highest idea qualities i,,, and fi,,,—1), whereas VC ny ¢ — 1 matches with entrepreneur
ng — 2.

What are the specific implications for the VC contracts? Consider first the contract between
VC ny¢ and entrepreneur np — 1. Clearly, if matching matters, VC ny ¢ needs to transfer more
surplus in order to retain entrepreneur ny — 1. However, compared to our previous one-to-one
matching equilibrium, the higher expertise VC ny ¢« — 1 instead of the lower ranked VC ny ¢ — 2
is now competing for entrepreneur ny — 1, which results in a higher bid. This in turn forces VC
nyc to provide its entrepreneur ny — 1 with even more capital, making the venture even more
likely to succeed.

Next, consider the contract between VC ny ¢ and entrepreneur ng (i.e., the entrepreneur
with the highest quality idea). Clearly, the best outside option for entrepreneur n g is to contract
with the next best VC ny¢ — 1. However, compared to our previous one-to-one matching
equilibrium, VC ny ¢ — 1 is now matched with the lower quality entrepreneur np — 2 (instead
of entrepreneur ng — 1). Thus, VC ny ¢ — 1 would now benefit even more from being matched

with entrepreneur n g, which results in a higher bid. To contract with entrepreneur ng, VC

Tnderst, Miiller, and Miinnich (2007) and Fulghieri and Sevilir (2009) explicitly model the problem of a VC
that finances multiple ventures, though in the absence of endogenous matching.
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nyc is now compelled to provide even more capital as compared to the one-to-one matching
equilibrium, thereby boosting the venture’s prospect of survival.

To summarize, allowing VCs to contract with multiple entrepreneurs would reinforce our
main implication: Endogenous matching leads to more efficient capital endowments of new

ventures, which in turn enhances their prospects of success.

7 Empirical Implications

The model yields a series of empirically testable predictions with regard to the roles of entry
and exit in the VC market. We make predictions about the impact of VC entry on entrepreneur-
VC pairs above and below the match quality of the entrants; these predictions pertain to the
magnitude of the investment and the likelihood of success (or survival) of individual ventures.
For such tests to be feasible, it is necessary to rank ventures according to their match quality.
Segrensen (2007) resolved the econometric issues associated with two-sided matching in the VC
market, while Hochberg, Ljungqvist, and Lu (2010) examined the properties of entry and exit
in the VC market. Thus, the required ingredients are available to test our empirical predictions.

There are numerous empirical proxies one may use to rank the expertise of VCs, which
is a requisite for understanding the matching process. VCs are significantly heterogeneous in
terms of their broad characteristics, experience, skills, and reputation (see Sgrensen (2007),
Kaplan and Stromberg (2003, 2004), Hsu (2004), Kaplan and Schoar (2005), Kaplan, Sensoy,
and Stromberg (2009), and Hamza and Kooli (2010)). In addition to providing entrepreneurs
with the required financial resources to start their own businesses, VCs bring in specific exper-
tise, which is particularly invaluable for entrepreneurs with little or no business-related skills.
Specifically, VCs monitor and are commonly represented on the boards of directors (Lerner
(1995), and Gompers and Lerner (1999)); provide technical and commercial advice (Bygrave

and Tymmons (1992)); provide access to valuable networks and meet with suppliers and cus-
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tomers (Gorman and Sahlman (1989), and Hochberg, Ljungqvist, and Lu (2007, 2010)); help
in designing business strategy and human resource policies, and have contacts with potential
managers (Hellman and Puri (2002)); and assist with the creation of strategic alliances (Lind-
sey (2008)). The expertise of VCs can therefore be crucial for the exploration of innovative
ideas with market potential, and hence for the success of new ventures.?® Given their specific
expertise, the key challenge for VCs is not only to identify entrepreneurs with suitable ideas,
but also to attract them by offering mutually beneficial contracts.

Our entry and exit analysis also has implications in terms of the business cycle. The technol-
ogy bubble and subsequent crash in 2001 highlighted the volatile nature of VC financing. The
model provides a framework within which to examine the peaks and troughs of such cycles. We
showed that endogenous matching leads to a ripple effect in an expansion, and an unraveling
effect in a contraction. That is, endogenous matching between entrepreneurs and VCs amplifies
business cycle effects. Hence, observed volatility in the VC market may in part be due to such
considerations, rather than the underlying economic forces driving the business cycle.

The empirical literature has highlighted two effects pertaining to the role of VC financ-
ing in the determination of entrepreneurial success. First, there is the selection effect: higher
ability VCs select superior projects to invest in. Second, there is the treatment effect: higher
ability VCs are endowed with superior expertise, thereby providing greater value-added to the
venture. By virtue of modeling the endogenous matching process between heterogeneous en-
trepreneurs and VCs, which engenders an endogenous reservation utility for each entrepreneur,
we introduced the notion of the endogenous matching effect. Sgrensen (2007) quantified the
selection and treatment effects. Future empirical work should follow along these lines by eval-
uating the importance of the endogenous matching effect relative to the selection and treatment

effects. Corollary 1 provides conditions under which the endogenous matching effect arises,

*6Indeed, Kaplan and Schoar (2005) provide empirical evidence suggesting that the experience of an individual
general partner (which can be considered as a proxy for the expertise of the financier) has a positive effect on the
overall performance of equity partnerships.
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while Corollary 2 provides conditions under which the effect becomes stronger. These condi-
tions may be used as guidelines by empiricists to identify and quantify the effect. Furthermore,
the endogenous matching effect amplifies the impact of the business cycle on the VC market;
thus, empiricists should take into account that the relative importance of the effect may vary

with the business cycle.

8 Conclusion

We consider a VC market that is comprised of VCs that are heterogeneous with respect to their
expertise, and entrepreneurs that are heterogeneous with respect to the quality of their ideas.
Within this market, we study how the two sides are matched endogenously. Our main interest is
how endogenous matching affects equilibrium contracts and the survival rate of new ventures.
First, we show that, under reasonable conditions, matching is positive assortative (PAM): VCs
with high expertise match with entrepreneurs that have high quality business ideas. The key
property of our matching framework is that each entrepreneur’s outside option is endogenous
as he could contract with an alternative VC. We show that endogenous matching—which orig-
inates in the competition among VCs for high quality ideas—increases the outside option of
entrepreneurs because it allows them to contract alternatively with a different VC. This forces
VCs to make more attractive contract offers to entrepreneurs, which is achieved via greater cap-
ital provisions (endogenous matching effect). Better capital endowments of new ventures, on
the other hand, boost the effort levels of entrepreneurs, and therefore improve the survival rate
of their start-ups. While investment and effort levels always remain sub-optimal (i.e., below
first-best), we find that endogenous matching improves their respective efficiency from a social
perspective.

Our framework provides another important insight: intensified competition for entrepreneu-

rial ideas—triggered by market entry of new VCs—improves the overall efficiency of the VC
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market (the ripple effect), which is consistent with evidence in Gompers and Lerner (2000).
Specifically, new ventures are then equipped with more venture capital, which in turn enhances
their prospects of success. From a policy perspective, the positive externality stemming from
the endogenous matching effect should be exploited in order to spur innovative activities. In
this sense, lowering barriers to entry for VCs, e.g. by reducing capital requirements or admin-
istrative costs, would not only benefit entrepreneurs whose ventures will then get funded. Also
entrepreneurs contracting with incumbent VCs would benefit as more intensive competition
improves the capital endowments of their ventures (the endogenous matching effect). Spurring
entry into the VC market has therefore a multiplier effect on innovative activities, which are
crucial for economic growth. To take advantage of this multiplier effect, and thus to moti-
vate innovation, it is indispensable to eliminate regulatory hurdles for investors when financing
entrepreneurial ventures.

Our model suggests the following theoretical extensions to gain a more complete under-
standing of the VC market. First, the contractual framework could be more sophisticated by
allowing for convertible securities, as in Schmidt (2003). Second, the roles of control rights and
non-pecuniary benefits could be explored, following along the lines of Hellmann (1998) and

Kirilenko (2001), for example.
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Appendix

Proof of Lemma 1
The socially efficient effort level e/ as well as the efficient capital investment Klfjb are charac-

terized by the following two first-order conditions:

m(Kij, Upix5)) = e (16)
on(+)
;o= T 17
o, =T (17)
Substituting (16) into (17) yields the lemma. O

Proof of Lemma 2
By accounting for the entrepreneur’s effort choice €}; as given by (6), the optimal contract

components \}; and K7 are implicitly characterized by the following two first-order conditions:

on (K, Q,

205 (1 — N)m(KS, )—(8[? D)o_, (18)
ij

(1—2X;) 72 (K5, Q) = 0. (19)

Solving (19) for A}., and substituting the resulting expression into (18), yields the lemma. O

Zj >
Proof of Lemma 3

Recall from Lemma 2 that K7;(€2;;) is implicitly characterized by

On(-)

(KZ]7 Ql]) aKZ]

= 2. (20)
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Implicit differentiating (20) yields

" Om() om() | )
dKz;(QZJ> _ 39” OK” <K1J7 QU)OK”MZ” (21)
dsd;; (K, Q) 70 27‘]

aK Zj Y

Note that the denominator is strictly negative due to the second-order condition. Moreover, re-
call that 9°7(-) /(0K ;084;) > 0. Thus, dK;;(2;)/dS2; > 0. Finally, observe that d\; /d€2;; =

0. O

Proof of Lemma 4
Applying the Envelope Theorem to (8) yields dH}gC /d€;; > 0. Next, the entrepreneur’s ex-

pected utility under the unconstrained contract I'}; (€2;;) = {A}; = 1/2, K}5(€2;;)} can be written

as
* * % (62})2
Ui(e;, Ki;, 5) = 3 (K7, Qij)er; — 5 (22)
Applying the Envelope Theorem yields
au; _ 1 o dK7; N on 23)
Recall from Lemma 3 that dK};/d€2;; > 0. Thus, dU;/d$2;; > 0. O

Proof of Lemma 5
At the bargaining frontier, the constraint (12) must be binding. Using ¢;; as defined by (6), the

binding constraint can be written as

S (K, Q) = .

15>
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Consequently, \}; must satisfy

Ny = V2 %)

Substituting (24) and e, as defined by (6), into (11) yields the unconstrained maximization

Zj’

problem for venture capitalist j:

max +/2u;,; (K5, € 2u;i — 1K
) i (Kij, Qig) — 2y j

The optimal capital provision K*(u;;,€;;) is implicitly characterized by the first-order condi-

tion:

m% —r=0. (25)
ij

Thus, the frontier contract {\};, K} satisfies

157

8 (K;},Q ) r w/2u,»j
- d N =Y 7 26
aKw 211,@']' . K 7T<K;ja QU) ( )

Next, we can infer from (25) that

i L() >0 and —4 — _ 8@;1‘8(%;” > 0. 27)
dug; 2, 8” dSd;; Sier
ij

Thus, a higher outside option u;; and/or a higher match quality €2;; lead to a higher capital

provision K;. Next, by using (24) and (27), one gets

oy, 0+ (58) 7/ (55)
dus; V/2uim() .

(28)

36



Substituting )\;-*j (as defined by (24)) and e;; (as defined by (6)) into (11) eventually yields the

bargaining frontier II(-) with

Differentiating the bargaining frontier II(u;, {;;) with respect to u;; leads to

dﬁ(.) 1 or(-) dK; dK*.
= . V2t —L — 2 — 30
d'Ll,Z']' A /2uijﬂ.( ) * Ui 8[(1] duij " d'LLZ'j ( )
which, by using (25), can be simplified to
dII(-) 1
= () — 2. 31
duij A /QUZ']' ( ) ( )
When the derivative %ﬁ;) is evaluated at the lowest point u;; = Ui‘; (see (10)), it is zero. Hence,
for any wu;; with u;; > Ui‘;, the slope of the bargaining frontier ﬁ(uij, €2;;) is negative. a

Proof of Lemma 6
We verify whether the sufficient conditions for positive assortative matching (PAM) are sat-
isfied. First, recall from Proof of Lemma 5 VC j’s constrained profit function II;;(-) when

matched with entrepreneur 7:
T (ug, Qg 5)) = /25w (K (wigy Qpa, 5)), Qpas ) — 2ui; — 7K (ui5.05). (32)
Differentiating T, (-) with respect to VC j’s expertise x; yields

dTT; () on(-) dK; 09y or(-) 0Qy;  dK; 0%,
— o /2u;; - , 33
dz; YBK,; A%, oz, TV 00 du; | A O Y
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which, by using (25), can be simplified to

dﬁij(') B . y
de, V00, or, ©4)

Next, differentiating dﬁzj(-) /dz; with respect to entrepreneur ¢’s idea quality y; leads to

d2T1.. (- 20() O O, - 20() dKE OQ. 09, DY 920
ZJ():\/WU 8772)8238U+ o"n () 11813813+87T()8 | (35)
Using (27), we can rewrite (35) as
— &2%x(-
PUy() o | 07() 09500, n() S 00, 0, On() 920,
(36)
Since 82Q;;/ (0x;0u;) > 0, (36) is positive if
2 2 _9Pn()
o°r () O () rgong | O 0%y
QUZ']' 5 2. (37)
6Qij 89138[(” BK(Q) 3/12 aiL'j

is positive. Recall that (K}, (2;;) is concave in both of its arguments. This implies that the

Hessian determinant must be positive, i.e.,

2 (N A2 (. 2. 2 (.
Fr()Pr() () &r() > 0. 38)

Thus, (37) is positive, which in turn implies that d*T1;;(-)/(dx ;dy;) > 0.
Next, differentiating dIl;;(-)/dz; (see (34)) with respect to entrepreneur 4’s reservation utility

u;; yields
S0 1 o) 0%y 02 (-) dK* 9%
i _ L2 /9 ii Y .
dxjduij A/ Quij 8Qw 8.§Cj + Y J QQ@JGKU duij an

(39)
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It is straightforward to show that d/K*/du;; > 0. Hence, based on our assumptions about 7(-)

and Qij, (39) is positive, i.e., d2ﬁw()/dx]duw 2 0. O

Proof of Proposition 1

Without loss of generality, consider an arbitrary entrepreneur-VC pair (i, 7 = m(i)), where en-
trepreneur ¢’s reservation utility is denoted u;;. Then, VC j’s constrained maximization problem
is

max Ij;(-) = (1 — Ayj)m (K5, Qij)es; — rKy; (40)

g, K}

S.t.

X (Kij, Qig)er; — (e5)7/2 > uaj, (41)

where (41) constitutes entrepreneur ¢’s participation constraint. Consider first the contract
{Aj;, K5} which is optimal in the absence of matching; see Lemma 2. Clearly, (41) is non-
binding as long as u;; is sufficiently low. In contrast, for sufficiently high values of u;;, (41)
becomes a binding constraint. For convenience, let u;; denote entrepreneur 4’s reservation utility

where his participation constraint (41) just binds for the optimal contract {\} Z}} Clearly,

ij
Uiy < W i U (i—1) < U , and w;; > u;; otherwise. Thus, VC j needs to adjust the
contract {\;;, I;; } if w; pm(i—1) > U (i) implying that endogenous matching is then relevant.
Recall that u; ,,;—1) is defined by (13), and thus a function of the match quality €2; ,,,;_1) which
would result when entrepreneur ¢ matches with the lower ranked VC m(i — 1). Observe that
Ui m(i—1) = 01if ;1) = 0. Thus, (41) does not bind for the optimal contract {\};, K};} if
Qi m(i—1) — 0. One can show by using the Envelope Theorem that du; (i—1)/d€2; m(i—1) > 0.
Moreover, w; mii-1) > U for Qi m(i-1) = Qim(). Thus, there exists a threshold le (i—1)»
with € 1) < Q4m (i), such that w; ;-1 > UZ for Qi m(i—1) > Q. m(i—1)> and U i1y <

uy

i,m(4)

for € 1 i—1) < ﬁz',m(zel)- 0
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Proof of Lemma 7

The optimal equity share )\ﬁ‘f[m(i) and capital investment K %1(2.) for Q; ym(i—1) > Qim(i—1) follow

directly from the derivations in the proof of Lemma 5. O

Proof of Proposition 2

First, we can infer from (27) that K Z]}/[ > K :‘J Moreover, from (6), we have

de* dX-‘j or(-) dK;
Lo M. A\ v 42
duik duzkﬂ ) + K 8KZ] duzk ( )
Using (24), (27), and (28), it follows that
de} 1
G- > 0. 43)

duik A/ 2uij
Next, recall that K Z]y satisfies (26) if u*(i) = w;. Then, the optimality condition for K Z]y , (26),
is only equivalent to the optimality condition for the socially efficient capital provision K ifjb,
(3), when u;; = 72(-)(K,;, Qi;)/2. However, on the bargaining frontier, we have

1
_7T2(Kij> Qij)a (44)

1
Uij = 5)‘%”2([(”"9“) <3

because \;; < 1. This in turn implies that K} < K/’

M o
;7> and hence, ¢} < e;;. Finally, (27)

implies that a higher outside option u;; (due to endogenous matching) leads to a higher capital

. . M
provision K. O

Proof of Lemma 8
By way of contradiction, suppose that for some 4, IT*(m(i)) < II*(m(i — 1)). Then, VC m(3)
can offer entrepreneur i — 1 exactly the same contract as VC m(i — 1) offers entrepreneur i — 1.

Because xp,(;y > Tpm(i—1), and therefore €01 ,,3:)) > Q@—1,m(i—1)), the expected utility of en-

40



trepreneur ¢ — 1 is greater than u*(i — 1), and the expected profit of VC m(i) is greater than
IT*(m(i — 1)), implying that the matching cannot be stable. Thus, [I*(m(i)) < II*(m(i — 1)) is
a contradiction, so that IT*(m(z)) > IT*(m(i — 1)) must hold. A similar argument can be used

to show that «*(7) is increasing in i. O

Entrepreneur Has the Entire Bargaining Power
Suppose that the entire bargaining power rests with the entrepreneur. When completely ignoring
the policy of the VC, it is intuitively clear that the entrepreneur would prefer (7) to be the residual
claimant of the entire profit of the new venture (i.e., A;; = 1); and (47) an unlimited investment
of capital (i.e., K;; — 00). However, without any adequate revenues for its capital investment,
the VC would never invest in the new venture. Technically, the participation constraint of the
VC would be violated. This in turn implies that we need to account for the policies of the VC
when considering the contractual preferences of the entrepreneur.

Suppose entrepreneur ¢ is matched with VC j, and chooses his preferred share )\iEj on the
venture’s profit, while taking the corresponding investment K7 (/\5 ) by VC j into account. Let
szf denote entrepreneur ¢’s expected utility, which constitutes his highest expected utility level

when forming a partnership with VC j. Then, )\5 is defined by

\ij € argmax;, UE(e5, Mg K55 (), Qig) = Mg (K5 (M), Qug)ef —

where Ki*j(Aij) is implicitly characterized by (18) (ignoring condition (19)). Obviously, it is
in the entrepreneur’s best interest to leave some shares for the VC (i.e., )\5 < 1). Otherwise,
without any share on the generated revenue of the new venture (i.e., \;; = 1), the VC would not

invest at all (i.e., K5(1) = 0).”

?"In fact, one can show that there exists an inverse U-shaped relationship between the entrepreneur’s expected
utility U (-) and his share );; on the venture’s profit, similar to the relationship between the venture capital firm’s
y 7 J p p p
expected profit IT;;(-) and A;;.
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Drawing on the entrepreneur’s contractual preference—as characterized above—allows us
to identify whether the entrepreneur favors a higher share on the venture’s profit—compared to
the unconstrained contract I'*(€2;;)—at the expense of a higher capital investment, or vice versa.
The next lemma elaborates on the relationship between the entrepreneur’s preferences and those

of the VC, and how this relationship is affected by the specific match quality Q(;, z;).

Lemma 9 The entrepreneur’s preferred share Ag(QU) on the venture’s profit always lies above
the share \}; = 1 /2 preferred by the venture capitalist, even though this would concurrently im-
ply alower capital investment K;;(A[(Q;), ;) (i.e., A5(Q;) > A = 1/2 and Kj5(A5(Qi5), Q5) <
K*(X;; = 1/2,9;)). Moreover, the entrepreneur’s preferred share X[ () is strictly increas-

ing in the match quality Q; (i.e., dA5(Q;)/dQq; > 0).

*

Proof: By accounting for the entrepreneur’s effort choice e;;, we can rewrite his expected utility

as a function of \;;:
* 1 *
Uij(Nij, K35 (Nij, i), Qi) = 5)‘22]'7(2([(1']'()‘2’]" Qiz), ij).-

Entrepreneur i’s preferred share )\5 (€;5) is implicitly characterized by the first-order condition:

Om() dE ()
YKy d\g

(IG5 (Nij, €ig), i) + A =0. (45)

R

The first-order condition implies that the preferred share A[(Q;;) is where dK(-)/dA; < 0.

Implicit differentiating K7;(-) as defined by (18) yields

dK5() 2(1 - 22))7 (") 572 46)

- o (-
)i g |22 (1= A )m(Ky, Q) G52 — v

Note first that the denominator is strictly negative due to the second-order condition. Thus,

dEK5(-)/dNij < 0if A;; > 1/2. This in turn implies that A[5(€;;) > A%, = 1/2. Moreover, since
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dKz*j()/d)\Z] < 0 for )\ij > 1/2, it follows that KZ(A’Z‘(Q@])’ QU) < K*()\z} = 1/2, ng) Next,

define

Om(-) dK35()

YK dA;

Fo= w(K5(Aij, Qij), Qi) + A

on(+)
J J 9K,
Applying Cramer’s rule yields
ONE() _ det(A)
8Qij det(B)’

where
__OF oF OF  JF
A _ 8Qij 8Ki]- B — 8)\ij 8I{ij
e oG oG 8G
aﬂij aKij 8)‘ij 8K’ij
Note that

OF 0G 0G OF

det(A) = _aQij 0K, - 00 0K;

Clearly, 0G/ 0K,;; < 0 due to the second-order condition. Moreover,

. 2 () dK*

oF _ 87?()+)\ij o°n(+) i
GQU 89” GK”@Q” d)\z]
oG or(-) on(-) 0?m(+)

— 21— Ay S @ )
90, (=2 |50, ok, T ™ ar,e0,|
oF on(+) 0?m(-) dK};

= o > 0.
8KZ] (‘3KZ] E)Km d)\lj

——

<0 <0
Thus, det(A) > 0. Next, we have

oF 0G oG OF

t(B) = - .
detUB) = 53 K, ~ on, 0K,
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Notice that 0F/0\;;, 0G/0K;; < 0 due to the respective second-order conditions. Moreover,

recall that 0F /OK,;; > 0. Furthermore,

oG on(-)
= 2(1 — 20))m(Kyj, Q) ol < 0.
a)\z] ( )\1])71-( YR Z]) aKw < O (50)
Therefore, det(B) > 0. Combining previous observations, we have A/ (-)/9Q;; > 0. O
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