
Extension of the Core and the Nucleolus to Games in 
Partition Function Form, Not Necessarily Superadditive 

 
By Roger A. McCain!  

 
Abstract 

 
A large literature of cooperative game theory is based on the 

assumptions that the game is expressed in coalition (or characteristic) 

function form, and that it is superadditive. The paper first points out a 

difficulty with the assumption of superadditivity, referring to a category of 

games in Kuhn (1997). Despite the more than fifty years since this paper 

was published, the implication for superadditivity has not been noted in the 

literature. This paper develops concepts of the core and nucleolus for games 

in partition function form that may or may not be superadditive. The core 

concept is distinct from some recent contributions by using a direct rather 

than iterative definition, and the literature seems to contain no discussion of 

the nucleolus for partition function games.  
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Extension of the Core and the Nucleolus to Games in 
Partition Function Form, Not Necessarily Superadditive 

 

Òyou let the farmers alone É  all they got to do is gang up efficiently among themselves 
É but they never can stay ganged up they run out on each otherÓ  

 
 -- archie the cockroach in Don Marquis, The 
Lives and Times of Archie and Mehitabel 
(Doubleday, 1950) 

 

 A large literature of cooperative game theory is based on the assumptions that 

utility is transferable, that the game is expressed in coalition (or characteristic) function 

form, and that it is superadditive. In this paper the first assumption is retained, but the 

second two are not. The objective is a cooperative game theory in which it is possible to 

take three things explicitly into account. First, although the theory of nontransferable 

utility games is longstanding and well developed, the advantage of the transferable utility 

assumption is that we may take side payments explicitly into account, rather than 

relegating them to the game in extensive form, which cooperative game theory does not 

discuss. Second, by expressing the game in partition function form1, we can take 

externalities explicitly into account. Third, if the game is not assumed to be 

superadditive, then we can take into account cases in which decentralization is necessary 

for efficiency. Decentralization may be implicit in the operation of the grand coalition in 

a superadditive game, but, as with externalities in a game in coalition function form, the 

cooperative game analysis itself can tell us nothing about this. Instead, in a non-

superadditive game, the advantages (in some cases) of decentralization are explicitly 

represented.  
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 The assumption of superadditivity seems to be the least discussed of these three 

assumptions, especially in recent game theory. Accordingly the first section is a remark 

on superadditivity, evaluating the ÒplausibleÓ argument for this assumption and offering a 

counterargument. The discussion of superadditivity is very old, but a connection between 

two classic papers establishes a case for non-superadditive cooperative games and this 

connection does not seem to have been made in the literature2. Since the game in partition 

function form is not widely studied, the second part of the paper will discuss some 

concepts and terminology, both from earlier literature and novel for this paper. In the 

third section, we return to superadditivity, specifically in the case of games in partition 

function form. Superadditivity has previously been defined for games in coalition 

function form and some modification is needed for games in partition function form. In 

the fourth section, the core for games in partition function form is discussed. There is a 

modest literature on this topic, and the recent work of Koczy in particular seems 

important. Some similarities and differences are noted. The fifth section develops a 

concept of the nucleolus for coalition structures in a partition function game. This does 

not seem to exist in the literature. The sixth and last section summarizes and concludes. 

  

i. A Remark on Superadditivity 

 Cooperative games are almost always assumed to be superadditive, which means 

that if two coalitions merge, the value realized by the merged coalition is no less than the 

sum of the values of the two coalitions separately. This assumption originates with von 

Neumann and Morgenstern (2004 p. 506), and while they concede that the argument for it 

is a ÒplausibleÓ argument rather than mathematical, the argument for superadditivity is 
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persuasive. The argument is essentially that any vector of strategies available to the two 

coalitions separately is also available to the merged coalition, so that they can do no 

worse than to adopt the strategies adopted by the two coalitions separately. Let us call 

that argument Òargument A.Ó Aumann and Dreze (1974 p. 233) question the assumption, 

although they concede that Òsuperadditivity is intuitively rather compelling.Ó 

Nevertheless, they go on to write ÒÉ Ôacting togetherÕ and sharing the proceeds may 

change the nature of the game. For example, if two independent farmers were to merge 

their activities and share the proceeds, both of them might work will less care and energy; 

the resulting output might be less than under independent operations, in spite of a 

possibly more efficient division of labor.3Ó  

 In one of the acknowledged Classics of Game Theory, Kuhn (1997) extended and 

refined the treatment of games in extensive form. Some of KuhnÕs results apply only to 

games of Òperfect recall.Ó However, KuhnÕs discussion extends also to games of 

Òimperfect recall,Ó that is, games in which a player may not be aware of some of its own 

earlier moves. The one example of a game of imperfect recall cited by Kuhn is Bridge, in 

which both members of a partnership constitute one side in the game, a single player in 

effect. However, one member of the partnership may be unaware of the strategy pursued 

by the other. To accommodate this case, Kuhn allows for a player to be a compound of 

two or more Òagents,Ó each agent having perfect recall of its own plays but not 

necessarily that of other agents of the same player.  

 These are all very old ideas, but the connection between KuhnÕs games of 

imperfect recall and the issues Aumann and Dreze raised about superadditivity does not 

seem to have been noticed. That connection is the subject of this remark. Since the point 
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is negative, the remark will proceed by example: not a formal counterexample (since the 

arguments contradicted are not formal arguments) but a pragmatic one.  

 Suppose we have two farmers, a small farmer S and a large farmer L. The small 

farmer has 3 acres of land and the large farmer has 27. (The reader may add zeros to 

these numbers if she lives in a more developed country). Each farmer can choose to work 

with great effort or with slight effort. Working with great effort increases output by 50%, 

but has a subjective cost equivalent to decreasing the farmerÕs produce by 10 units. 

Output also depends on land. Working independently, on his 3 acres, the small farmer 

works with great effort and produces4 30, for a value net of effort cost of v{S}=20. The 

large farmer also chooses to make a great effort on his larger landholding, and doing so 

can produce 150, leaving v{L }=140 net of the effort cost. But this is an inefficient 

allocation of resources. The output of one farmer working 15 acres of land with great 

effort is 100. (With slight effort 15 acres will produce 65). Thus, a reallocation of land 

could raise the total output of the two farmers to 200, and net of effort cost their total 

benefits would be 180.  

 We suppose the two farmers form a coalition to realize that potentiality. 

Specifically, L rents the land of S and hires S, forming a farm of 30 acres on which labor 

and effort will be efficiently allocated, with each farmer working 15 acres and L 

receiving the output but making a side payment to S. For an extensive-form game, a side 

payment is simply another strategic move at the last stage. For simplicity, we suppose 

that L considers only two lump sum payments, large: 40 and small: 15. If both work with 

great effort, L will find himself with 200 at the end of the year and a transfer of 40 to S 

will leave L with 160. Deducting 10 for the effort cost of LÕs labor L has 150>v{L}=140. 
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S has 40, and after we deduct 10 for his effort he is left with 30>v{S}=20.  Treating this 

as a noncooperative game in extensive form, these assumptions are shown by Figure 1. 

Behavior strategies for L are 1) to offer to hire the labor and land of S or not to offer, and 

2) to pay a large or a small side payment. Behavior strategies for S are to refuse or to 

(accept and) make a great or small effort. The first payoff is to L and the second to S. 

This game has two subgame perfect equilibria: donÕt offer and offer, refuse. 

 

Figure 1. The FarmersÕ Game in Extensive Form (with Perfect Recall) 

 

If the coalition game is a game of perfect recall, L will commit himself to the 

(contingent) pure strategy " 1=Òmake great effort, and in case S makes great effort transfer 

40 to S, but otherwise transfer only 10 to S;Ó and the best response for S is strategy 

" 2=Òtransfer three acres of land to L and make great effort on the land he allots to me to 

work.Ó In this game, " 1 is available to the singleton coalition of L only, but will not be 

equilibrial because it is not credible to S. " 1 is equally available to the coalition, and, 
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because of the information available to it, the coalition can attain the fully efficient 

outcome.  

But the coalition of L and S is now a compound player with two Òagents,Ó who 

may or may not know the strategy commitments of one another. In general, any coalition 

other than a singleton coalition is a compound player with a plurality of agents, so that 

the possibility of imperfect recall arises naturally. Suppose, for example, that L is 

unaware of the effort made by S. Then L is unable to condition his side payment on the 

effort made by S. Strategy " 1 simply is not available to the coalition. The noncooperative 

game that corresponds to a cooperative game of imperfect recall is shown as Figure 2. If 

indeed the two farmers form a coalition, they will find themselves playing the game 

shown in strategic normal form in Table 1 Ð a social dilemma! 

 

 

 

Figure 2. The FarmersÕ Game in Extensive Form (Corresponding to Imperfect Recall) 
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Table1. Effort and Side Payment 

L 
Payoff order: 
Agents S, L 

Large payment 
Small  

payment 

Great effort 30,150 5,175 
S 

Slight effort 40,115 15,140 

 

 How can a social dilemma arise within a cooperative game? We have seen that 

the strategy that conditions the side payment to S on his effort, " 1, is not available to the 

coalition, because of imperfect recall; so the great effort from S is simply not enforceable. 

On the other hand, a contract between L and S calling for a side payment of 40 

presumably would be enforceable, so " 3=Òmake great effort, and in case S makes great 

effort transfer 40 to S, otherwise transfer 40 to SÓ is an available strategy; however, it 

will not support an outcome acceptable to L. Conversely, if he cannot get the large side 

payment, S can never be as well off than he would be in his singleton coalition, and 

making great effort only makes that worse. This would lead us to assign the coalition 

{S,L}  a value v{S, L}=155<v{s}+v{L }=160. 

 Notice that the games in Figures 1 and 2 have the same noncooperative solutions. 

Because Òslight effortÓ and Òsmall side paymentÓ are dominant strategies, the (timely) 

availability of information on the effort made by S makes no difference for a 

noncooperative model. However, it makes a crucial difference for the cooperative game, 

and, indeed, the availability of information will distinguish between problems that can 

and cannot be solved simply by forming the grand coalition.  
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Now recall argument A: Òany vector of strategies available to the two coalitions 

separately is also available to the merged coalition, so that they can do no worse than to 

adopt the the strategies adopted by the two coalitions separately.Ó Since the two agents 

each chose great effort when acting as singletons, but (due to imperfect recall) no strategy 

is available to the coalition that would elicit great effort from S, indeed it is not possible 

for the grand coalition to adopt the strategy vector the two singleton coalitions adopted 

separately. Now, a defender of argument A might respond that this misstates the point: 

that the argument, as applied in this case, means that S and L could instead simply 

continue each to work his own land and take possession of his own product, with the 

result that the grand coalition would produce just the value that the two produced 

separately. This cannot be controverted, but what does it mean? I would suggest that we 

might say instead, Òthe grand coalition does not form in this game.Ó What is the 

difference of meaning between the two phrases?  

 Another defense of argument A might be: ÒBut this example depends on the 

assumption that L rents land from S and hires him. There are other ways the coalition 

might be formed. For example, L might rent 12 acres to S, either for a fixed sum or a 

share of his product, and each take possession of his own product.Ó The counterargument 

to this defense is that the defense is simply describing a different game, and of course a 

different game may have a different solution.5 But this defense actually points up the 

pragmatic advantages of a formulation that allows us to say that the game is not 

superadditive. We might want to explain the widespread practice of sharecropping along 

the following lines: ÒSharecropping (and other forms of renting of agricultural land) are 

widespread because larger farms are less efficient: that is, the game of consolidating 
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farms is a game with imperfect recall, and consequently is not superadditive.Ó But if, 

accepting argument A, we assume superadditivity, this explanation is not possible.  

 KuhnÕs games with imperfect recall provide a rationale, within game theory, for 

what pragmatically appear to be non-superadditive cooperative games. Plausible as the 

argument for superadditivity is, we will find cooperative game theory a more powerful 

explanatory tool if the assumption of superadditivity is not made.  

 

ii. Games in Partition Function Form 

 

 Let N be an index set of agents in a game, ai#N, i=1, É  n, and let $ N be the set of 

all partitions of N and P%$ N. P={C1, C2, É,  Cr, & }.  | Ci| will denote the number of 

members in Ci and |P| will denote the number of nonempty coalitions in P. A pair { P, Ci} 

with Ci %P is called an embedded coalition and ECL denotes the set of all embedded 

coalitions. The set ECL is defined for any N. A coalition value function v(P, Ci) assigns a 

real number value to coalition Ci in the context of the partition P. '  = {N , v(P, Ci)} 

comprises a game in partition function form6. For aj#N, CP(aj)=Ci%P (   aj # Ci.  

 A game in partition function form is proper if v(P, S)=v(Q ,S) ) P, Q  , S (  

P%$ * , Q %$ * , P! Q , 

!  

S" N, S%P, S%Q . Other games in partition function form are 

improper. For a proper game ' , we may define a game in coalition function form by N, 
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v  (S)=v(P,S) for some P (  S%P. The game in coalition form generated in this way will 

be said to be the game in coalition function form proper to ' .  

Remark: It is not difficult to write an algorithm to generate all possible partitions 

for a set of cardinality N. There seems to be no simple formula to compute the number of 

partitions for a set of cardinality N, but computation makes it clear that thus number 

increases very rapidly with N. Table 2 shows the computed number of partitions for N=1, 

É , 10.  

Table 2. Partitions of a Set of N 

N 
num ber of 
part it ions 

1 1 
2 2 
3 5 
4 15 
5 52 
6 203 
7 877 
8 4140 
9 21147 

10 115975 
 

 If P is a partition and Q={B 1, É , Bs, & } is a partition and )  i= 1, É , s, + k % {1, 

..., r} ( Ck! & ,    

! 

Bi " Ck # P, then Q  is said to be a refinement of P. Remark: Formally, 

each partition is a refinement of itself. If P !  Q  then Q is said to be a proper refinement. 

The fine partition is F = {{a 1}, {a2} , É  , {aN}}.  Trivial lemma: ) P % $ * , F is a 

refinement of P. In the partition G={N },  the only member set is the grand coalition N. 
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Trivial lemma: any partition P is a refinement of G. Let CP(i) denote C % P (  ai % C. For 

any P%$ N, PÕ(j)={C1, C2, É , CP(aj)\aj, { aj},  Cr, & }.  We will refer to PÕ(j) as the first 

refinement of P with respect to j. For any P%$ N and S, P, PÕS={C| +-  % P (  

C=B\S} . { S} , PÕS will be called the residual partition of P with respect to S.  

Remarks. If a group of two or more who do not comprise a coalition in the current 

partition consider withdrawing from their current affiliations and forming a new 

coalition, then the immediate result would be the residual partition. Of course, the 

residual coalitions may then be reorganized to address the changed situation, (note 

Koczy) but a) the new coalition cannot force any particular reorganization on them; the 

residual partition is the only partition that it is in the power of the new coalition to bring 

about, even temporarily, and b) such reorganization should be addressed in the specific 

context of a model and the analysis may differ from one model to another. If a single 

individual j considers withdrawing to go it alone, this would lead to the first refinement 

PÕ(j).  

 For P%$ * , S%P, a partition Q  is said to be granular with respect to S, P, iff  

)  B%Q  , either B=S or +C%P, C! S, (  

!  

B " C. Trivial lemma: )  C%P, C! S, Q  granular 

with respect to S, P,
  

!  

" B = Bj{ } # Q $C = %
B j &B

Bj . Remark: A granular refinement of P 

with respect to S is one that retains S, but allows any further refinement of N\S. Note that 

if P is the grand coalition G, it has no proper granular refinement.  
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For P%$ * , S%P, a refinement Q  is said to be particulate with respect to S, P, iff 

)  B%Q  , either 

!  

B " S or +C%P, C! S, ( B=C. Trivial lemma: for all C%P, C! S, Q 

particulate with respect to S, P + B%Q  (  B=C. Remark: A particulate refinement of P 

with respect to S is one that subdivides only S, leaving the other coalitions in P 

unchanged. Note that every partition is particulate with respect to the grand coalition G.  

 As with games in coalition function form we will be interested stable imputations 

for games in partition function form. For a game '  = {N , v(P, Ci)},  an imputation x={x 1, 

É xN} is a vector of payments to the N players. For partition P an imputation x is 

admissible iff )  S%P, 
    

!  

x i
i " S

# = xS = v(P,S). Remark: That is, the condition of 

admissibility is that each coalition spends only its own value; Òevery tub sits on its own 

bottom.Ó This definition excludes side payments from one coalition to another. For some 

purposes,   

!  

xS < v(P,S) would be sufficient, but this definition requires that to be 

admissible, an imputation must be efficient in the sense that each coalition distributes its 

entire value among its members. A similar restriction was imposed by Aumann and 

Dreze but has not been imposed by most later work on solutions for coalition structures.  
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iii. Superadditivity, Again 

Intuitively, a game is superadditive if the value of a merged coalition is no less 

than the sum of the values of the coalitions merged to create it. Let '  = {N , v(P, C)} . 

Suppose that, for any P%$ N, ) S%P, if Q is a refinement of P and is particulate with 

respect to S, then for all C%P, 

  

!  

v P,C( ) " v!Q  ,B"
B # Q
B $C

% . Then '  is superadditive, and 

conversely.  

Remark: Using the concept of particularity excludes the following kind of 

possibility. Consider a four-person game with negative externalities. The players are A, 

B, C, D. For the fine partition the coalition values are 2, 2, 2, 2. If the first two singleton 

coalitions merge, the value of {A B} is 5 so long as C and D continue as singletons, but if 

{CD} is formed, the value of {A B} then is 3. Nevertheless, this might be a superadditive 

game. Argument A applied to this example would be as follows: {A B} can do no worse 

than {A } and {B } separately, when {C} and {D} continue as singletons, because A and B 

as a coalition can adopt the same strategies they played against C and D as singletons and 

thus obtain the same total payoff. If there are negative externalities from {CD} to {A B},  

the same strategies may not result in the same payoff after {CD} has formed. However, 

{A B}{C D} is not particulate with respect to {A B} {C}{D } and the coalition {A B}.  This 

definition can be supported by the ÒplausibleÓ argument for superadditivity, while 

without the restriction to particulate partitions, that would not be so.  

 If the game is not superadditive then the grand coalition may not be efficient. We 

can define an efficient partition following Aumann and Dreze. First, if '  = {N , v(P, Ci)} 
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is a game in partition function form, let ' *  = {N , v*(P, Ci)} be the superadditive cover of 

' . The superadditive cover is defined as follows: Let H  be the set of all refinements of P 

that are particulate with respect to S. (Recall, trivially P%H). Then 

    

!  

v * (P,Ci ) = MAX
Q " H

v Q ,B( )
B" Q
B# Ci

$ . That is, the value of an embedded coalition in the 

superadditive cover is the maximum over all refinements of the partition of the sum of 

the values of the subsets of that coalition in the original game, given that the non-

members of that coalition do not reorganize themselves into another partition. Note that 

the superadditive cover is itself superadditive. A partition Q  is a-efficient if  

  

!  

v(B) = v* (N)
B" Q

# . That is, an a-efficient partition generates the maximum total value, 

summed over all its coalitions, that the game admits of. Note that since every other 

partition is particulate with respect to G, 
    

!  

v * (G,N) =  MAX
Q "# N

v(Q  ,B)
B" Q

$ .   

 The more customary definition of efficiency in economics is Pareto optimality. 

Let us say that P is p-efficient if +x, an imputation admissible for P, (  ) Q%$ * , and )  

imputations y admissible for Q  , yi>xi /  + j % {1, ..., }  (   yj<xj. Remark: that is, relative 

to x, any imputation admissible for any partition that makes one player better off will 

make some other player worse off than his payoff at x. Then a partition is considered p-

efficient if it supports at least one Pareto-optimal imputation.  

Theorem iii.1: If '  is superadditive then the grand coalition G is p-efficient. Proof: 

Suppose the contrary. Then for any x admissible for the grand coalition, +Q %$ * , + y  
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admissible for Q  , with yj" xj for all players j, and moreover +i (  yi>xi. Therefore 

  

!  

xi
N

" = v({ N}, N} < yi
N

" = yi
i# S

" =
S# Q

" v(Q ,S)
S# Q

" ; this, however, contradicts 

superadditivity.  

Theorem iii. 2: If partition P is a-efficient then it is p-efficient. Proof: Again, suppose the 

contrary, that P is not p-efficient. That means that for any x admissible for P, there exist 

a partition Q and an imputation y admissible for Q such that xj#yj, )  j %{1,...,* } and +i( 

xi<yi. Let i%C%Q  . Then xC<yC. For B! C, B%Q  , xB#yB. It follows that 

    

!  

v(P,S)
S" P

# = xS
S" P

# < yS
B" Q

# $ v* (G,N) . It follows that P is not a-efficient.  

 However, the converse is not so. Consider the five person game in partition 

function form with P={A BC}{D E} yielding values 30,20 and Q  ={A BC}{D }{E } 

yielding values 30,30,1. All other imbedded coalitions have values of zero. (This game is 

quite clearly not superadditive!) P supports the imputation 10, 10, 10, 10, 10. Any other 

imputation admissible for P will make some player worse off, and any imputation 

admissible for Q  will make E worse off. Therefore P is p-efficient. However, the 

superadditive cover of this game assigns 30, 31 to P and 61 to the grand coalition, so in 

this game only Q  is a-efficient.  
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iv. The Core 

A candidate solution to '  is a partition P and an imputation x that is admissible 

for P.  

Remark: one of our objectives is to draw conclusions about the partitions 

more or less likely to form, i.e. the problem of endogenous coalitions. This is why 

the candidate solution specifies the partition as well as the imputation.  

 Define the excess for S with respect to P,x as     

!  

e(P,x,S) = v(P'S,S) " xS. 

Remarks: Note that if x is admissible for P and S%P then e(P,x,S) must 

identically be zero. Schmeidler defined the excess in his paper that introduced the 

concept of the nucleolus, and Aumann and Dreze showed that the excess could be 

used in the derivation of the core and other cooperative solution concepts, not 

including the Shapley value. However, most derivations of the core do not use the 

excess function. Schmeidler defined the excess function for games in coalition 

function form, so that they might be ambiguous for partition function games. This 

definition resolves the ambiguity by identifying the value of S as the value of S 

embedded in the residual partition PÕS. As we will see, this is a na•ve valuation. 

a. A Na•ve Core 

A deviation from a candidate solution (P,x) is a set of players S,  P. If 

e(P,x,S)>0, then P,x is (na•vely) disrupted by S. Equivalently, a disruption of a candidate 
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solution (P,x) is a set of players S,  P and an imputation y admissible for   

!  

Q  = P!Ssuch 

that 

1. 

!  

" i # S,yi $ xi  

2. 

!  

" i # S$ yi > xi  

Remark. It is sufficient that e(P,x,S)>0, i. e.   

!  

v P'S,S( ) > xS, since a disrupting 

imputation can then easily be constructed. This terminology seems new but will be a little 

more direct than the more conventional locution: Suppose x is a vector of payoffs 

admissible for P. Suppose that by deviating and forming a coalition resulting in partition 

Q  , group S can gain yS> xS, where y is a payoff vector admissible for Q  . The more 

conventional term in game theory would be to say that Q  dominates P via y.  

If a disruption of P,x exists, then we will say that P,x is naively unstable, while 

otherwise it is stable. The set of (naively) stable candidate solutions will be called the 

na•ve core or n-core.  

Remark: There are many kinds of stability in cooperative game theory! The set of 

stable candidate solutions is closely related to the core in the theory of games in coalition 

function form. In games in partition function form, however, it is na•ve. The value 

    

! 

v(P'S,S)  is the value S could realize if they form a coalition, provided there is no further 

reorganization of the other players into a new partition other than the residual partition. It 

may be (Koczy, Chwe) that the members of S would anticipate further reorganization that 

could make them worse off, and therefore decide not to coalesce, a point that we will 
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return to. Note that na•ve stability implies a similarly na•ve individual rationality, since 

the excess cannot be positive for any singleton coalition.  

Remark: The na•ve core may, of course, be null. Consider the following 

game in partition function form: 

Table 3: Game 2. 

 part it ion payoffs 
1. { ABC}    15     
2. { AB}  { C}  6 8   
3. { AC}  { B}  6 8   
4. { BC}  { A}  6 8   
5. { A}  { B}  { C}  2 2 2 

 

a) For partition 2, e.g, with any admissible imputation x, a disruption of the partition 

can be formed by partition 1 with x1+0.5, x2+0.5, 9, and similarly for partitions 3 

and 4.  

b) For partition 5, partition 1 with 5 1/3 for each agent is a disruption of partition 5.  

c) For partition 1, any admissible x gives at least one player a payoff <8. The 

partition that makes that player a singleton coalition, i.e. the first refinement of 

partition 1 with respect to that player, disrupts partition 1.  

This is an instance of a holdout problem.  

 Remarks: The na•ve core comprises a set of partitions and admissible 

imputations that are stable in the sense that no group has any incentive to destroy 

the partition by organizing among themselves. That is, let P%$ * , x an imputation 

admissible for P,

!  

S" N,S#  P, v(P"S,S)>xS. Then S have an incentive to disrupt 

P, and so P, x is not in the na•ve core. However, the shift of S to form P"S might 
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lead yet another group   

!  

T " N \ S, T #  P"S to form a coalition, transforming the 

partition from P"S to Q , with v(Q ,S)<xS. In that case, at least some of group S 

will unavoidably be worse off, and if the members of S have sufficient foresight 

they will restrain themselves from forming a separate coalition and so disrupting 

P; thus P, x is stable even though it is not in the na•ve core.  

b. A Successor Function 

The na•ve approach supplies a value for a deviation, but the value may not be 

consistent with farsighted rationality. The difficulty, as we have seen, is that partition PÕS 

may not actually follow if the deviation by S occurs, and in deciding whether or not to 

carry out their deviation, the group S will have to form a judgment as to what the 

consequences of their move will be, given the opportunities for a residual group to 

reorganize themselves. To capture this judgment, we might postulate a successor 

function1, R, such that for P,     

!  

S" P , the deviation by S results in the formation of 

partition Q  =R#P,S). However, some care needs to be taken to assure that this function is 

consistent with the structure of the game itself and with our assumptions of agent 

rationality, whatever they may be.  

                                                
1 This will recall Luce and RaiffaÕs (1957) 0 -function. However, there are some 
important differences: in particular the 0 -function is a one-many relationship (we will see 
some similar constructs below) while the successor function is 1-1; and the 0 -function is 
meant in part to capture information on limitations on coalition formation that are in 
some sense sociological and irrational. However valuable that information might be, it is 
not an objective of the successor function.  
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Consider P,     

! 

S" P, and a sequence of embedded coalitions    

!  

1
S" 1Q , 

2
S" 2Q  , ..., 

    

!  

nS" nQ , and denoting S as 1S,     

!  

1Q = P'S, 
    

!  

k+1S" N \ i S
i=1

k

U
# 

$ 
% 

& 

'  
( , and 

    

!  

N \ i S
i=1

n

U
" 

# 
$ 

% 

& 
'  = ( . This is 

a sequence of refinements of P granular with respect to S, and every such sequence of 

refinements will correspond to one or more sequences   

!  

kS. Note that   

!  

n! N \ S+1, since 

even if iS is a singleton for all i>1, n adjustments will exhaust the residual set N\S; with 

larger sets iS the number of steps will be still fewer. However, not all such sequences will 

occur, if adjustments are rational. Suppose that     

!  

"  kz admissible for kQ  , 

iii. b. 1.   

!  

" k >1, 

!  

k < m,     

!  

v(mQ ,kS)>k-1z k S
. That is, each set kS deviates from k-1Q  

in the expectation of ultimately doing better than it would do at k-1Q  . 

iii. b. 2. Either m=n or 
    

!  

"  T # N \ i S
i=0

m

U
$ 

% 
& 

'  

( 
) ,   

! 

"k > m,     

!  

v(mQ ,T)>k
zT . That is, no 

subset of the remaining residual group has any motive to disrupt   

!  

mQ . 

Then   

!  

mQ  is a ξ-stable outcome for P,S. Let M #P,S) denote the set2 of all 1-stable 

outcomes for P,S. 

Now suppose that m=1, i.e. no group in the residual set has any motive to disrupt 

    

!  

P'S. Then conditions 1 and 2 are trivially satisfied. If follows that M #P,S) cannot be null. 

On the other hand, there may be more than one 1-stable outcome, i.e. more than one 

sequence satisfying iii. b. 1. 2, as each step i might allow of two or more sets i+1S.  

                                                
2 This one-many relationship is a nearer relative of the Luce and Raiffa 0 -function, 
though (at least by intention) innocent of any sociological content.  
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It may be that some of the stable outcomes can be ruled out by further rational 

considerations. In general, a rational agent would form a judgment, by means of some 

Bayesian or other procedure, as to which of the stable outcomes is most likely. With 

sufficient information of this kind we might define a rational successor function 

R(P,S)=Q  , with Q  the (expected) successor3 in case of a deviation of S from P, 

followed by all rational adjustments by the residual group. If Q  = R(P,S) and U  = R(Q  

,S), then U  = R2(P,S). In general, however, we will not be able to characterize a rational 

successor function, as it is likely to depend on information not available in the description 

of the game but dependent on the particular circumstances of the application, time and 

place. Following some aspects of KoczyÕs work, however, we may set some limits to the 

range of rational successor functions by considering optimistic and pessimistic cases.   

 

c. A Hypothetical Extension of the Core 

For now, take the successor function as given, and let R#P,S$=Q . We define the 

excess for P,S, and x as e(P,S,x)=v(Q  ,S)-xS. This construct will play a key role in the 

remainder of the chapter.  

Remark: Schmeidler defined the excess in his paper that introduced the concept of 

the nucleolus, and Aumann and Dreze showed that the excess could be used in the 

derivation of the core and other cooperative solution concepts, not including the Shapley 

                                                
3 If, instead, the rational agent assigns probabilities to the different mQ   that might occur, 
and estimates a mathematical expectation for the value of a new coalition, the discussion 
that follows would be only slightly complicated.  



 23 

value. However, most derivations of the core do not use the excess function. Schmeidler 

defined the excess function for games in coalition function form, so that they might be 

ambiguous for partition function games. The successor function resolves this ambiguity, 

at the cost that there may be a family of excess measures if the rational successor function 

is not uniquely identified.  

We will then define the core as the set of candidate solutions P,x 

    

!  

"  #  S$  P, e(P,S,x) !  0.  

Lemma iii. c. 1: if ' =N, v(P,S) is a proper game and '   =N,v(S) is the game in 

coalition function form proper to it, and P,x is an element of the core of ' , then x is an 

element of the coalition structure core of '    for coalition structure P. Proof: For any S, 

e(P,S,x)#0. Further, v(S)=v(Q  ,S) for any Q  such that     

!  

S" Q  and therefore for Q 

=R#P,S$ in particular. Thus e(S,x)=v(S)-xS = v(Q  ,S) -xS = e(P,S,x)#0, so that x is in the 

coalition structure core. Remark: Transparent as this lemma is, it is important in that it 

establishes that the core as defined here is a generalization of the coalition structure core, 

which in turn generalizes the core to games that may not be superadditive.  

 

d. Optimism and Pessimism 

The rational successor function discussed in the previous section probably cannot 

be specified fully for a general case. Indeed, rational judgments on the likelihood of 

particular stable outcomes may arise from the specific circumstances of the application, 

time and place. However, we can set some limits to the range of possible successors and 
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core-like stable sets. (The influence of Koczy and of Aumann and Maschler will be 

evident here). Define  

iii.d.1. 1.     

!  

R - P,S( )=
    

!  

Q - =  argmax
Q" M !P ,S)

 v(Q ,S)  

iii.d.2.  
    

!  

e-(P,S,x) = max
Q " M !P,S)

v(Q ,S)- xS 

iii.d.3.      

!  

R + P,S( )=
    

!  

Q + =  argmin
Q" M !P,S)

 v(Q ,S) 

iii.d.4. 
    

!  

e+(P,S,x) = min
Q " M !P,S)

v(Q ,S)- xS 

Here, iii. d.1, 2 characterize an optimistic perspective, selecting the stable outcome  that 

leaves the deviating group S with the best value and iii. d.3, 4 characterize a pessimistic 

perspective, selecting the outcome that leaves S with the least value. Neither optimism 

nor pessimism is generally rational. If we define  

iii.d.5.      

!  

e(P,S,x) = v(R (P,S),S)- xS 

for R an (unknown) rational successor function, then we will have 

    

!  

e+(P,S,x)! e(P,S,x)! e-(P,S,x). Note that the minimum is indicated by the plus sign + 

and the maximum by the minus sign - because the optimistic perspective leads to a 

smaller core. This perspective is optimistic in the sense that a potential deviator group is 

optimistic about the results of their deviation and so are more likely to disrupt the 

existing partition than they would be in a pessimistic perspective. Put otherwise, by 

looking to the maximum of the payoff to a deviation, the optimistic perspective 

minimizes the set of stable partitions.  
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 Now denote the optimistic core by 23 and     

!  

P,x " #- iff $  S% P, e- P,S,x( ) &0. 

Denote the pessimistic core by 2+ and     

!  

P,x " # + iff $  S% P, e+ P,S,x( ) &0. Denote the 

rational core by 2 and     

!  

P,x " # iff $  S% P, e P,S,x( ) &0.  

Theorem iii.d.1: 

!  

" # $ " $ " +. This simple theorem follows from the fact that 

    

!  

max
Q " M !P,S)

v(P,S)- xS"      

!  

v(R!P,S),S)- xS "  
    

!  

min
Q " M !P,S)

v(P,S)- xS for a rational selection 

function4 R.  

 Note that the lemma of the previous section establishes that a core based on an 

arbitrary successor function is an extension of the core for games in coalition function 

form. This lemma applies in particular to both the optimistic and pessimistic cores: each 

is an extension of the core for games in coalition function form.  

While this discussion has borrowed several ideas from Koczy, there are some 

important differences. First, KoczyÕs definition is recursive, while this discussion, by 

making use of the excess function, needs not proceed by recursion. Koczy allows 

ÒpartitionalÓ deviations, that is, simultaneous formation of two or more new coalitions 

that may disrupt an existing partition. Using this assumption, Koczy proves that a 

recursive core allocation must be Pareto-optimal, with the following reasoning: ÒAssume 

É there exists an outcome (x, P) %C(N,v) such that there is another outcome (y, P") with 

y>x. Consider the Ð profitable Ð deviation by coalition N forming partition P". É 

Contradiction.Ó While he is not explicit on the point, it appears that this will also require 

                                                
4 Moreover (in reference to the previous footnote) since the optimistic and pessimistic 
core set limits for any other rational successor function, however defined, they also set 
limits for any probability-weighted average of the outcomes of different possible 
successors.  
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side payments from one coalition to another. This approach seems to blur the definition 

of a coalition, but, more importantly, is inconsistent with some of the pragmatic 

objectives of this paper, as one of the objectives of this paper is to form a theory of 

coalition formation that could be consistent with stable inefficiencies.  

 

v. Nucleolus 

Among the cooperative solution concepts, many share the shortcomings of the 

von Neumann-Morgenstern solution set: they may be null, and if they are not null, also 

not unique. The two exceptions are the Shapley value and the nucleolus. The nucleolus 

has the further property that if the core is not null, the nucleolus is an element of it (and is 

also an element of the kernel, a cooperative solution concept that we will not consider 

here). Aumann and Dreze defined the nucleolus for a coalition structure (in a game in 

coalition function form), so, for a proper game, the nucleolus can be defined for each 

partition.  

 

a. General Considerations 

In defining the nucleolus, Schmeidler first defines the excess functions and then 

defines an ordering along the following lines: For imputations x, y, consider the set 

  

!  

S" N such that the excess with respect to x is greatest and for y consider   

! 

T " N for 

which the excess with respect to y is greatest.  Then the imputation for which this greatest 

excess is smaller in magnitude is the more acceptable of the two. (Recall that for a 

coalition structure we need to add the restriction that both x and y are admissible for the 

coalition structure under consideration.) Schmeidler then writes ÒIf max {v(S)-
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x(S)|

!  

S" N}>  max {v( S)-y(S)|

!  

S" N},  we say that the payoff vector y is more 

acceptable than x. If there is equality between the maxima, we compare the next greatest 

excess with respect to x and y respectively.Ó  

The Òequality between the maximaÓ may be a result of an incidental equality 

between the values of two sets, but can be forced by the assumption of admissibility for a 

coalition structure. Consider Game 10.2, a proper game: 

 

Table 2. Game 10.2: Make Room  

 part it ion  payoffs 
1. { ABC}    12     
2. { AB}  { C}    6 3   
3. { AC}  { B}    6 3   
4. { BC}  { A}    6 3   
5. { A}  { B}  { C}  3 3 3 

 

 Consider partition 2. as a coalition structure. Let S={A BC}.  Because we consider 

only imputations that are admissible for partition 2, the excess in this case is v{A BC} -

v{A B} -v{C}=12-9=3 for all admissible imputations. Therefore, the excess for {A BC} 

can play no part in determining the nucleolus. In general, any set that can be composed as 

a union of sets in P will be irrelevant to the nucleolus of P.  

 

b. Ordering 

SchmeidlerÕs ordering is adapted as follows. In all that follows we take the 

successor function as given and define the excess function accordingly. For each x and a 

given P we define an index, Ix(S) over the set of all subsets of N as follows: 
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iv.b.1.     

!  

I x (S) =1 iff "  T # N, e(P,S,x)! e(P,T,x) (The first-ranked set for 

x is the set whose excess is largest.) 

iv.b.2.     

!  

I x (S) <  Ix (T) iff e(P,S,x) > e(P,T,x) (A set with a greater excess 

is ranked before one with a lesser excess.) 

iv.b.3.   

!  

" U # N, Ix (U) $  % T # N, Ix (T) &  Ix (U) =  M (There is a last-

ranked index). 

iv.b.4.  if   

!  

n < M,  then " S# N $  Ix (S) = n. (Every rank from 1-M 

corresponds to at least one set).  

Note that for a tie,     

!  

 e(P,S,x) = e(P,T,x) " I x (S) = Ix (T), from b. If k=Ix(S) it 

will sometimes be convenient to write S as   

!  

Sk
x .  

 Now given x and y admissible for P, suppose that 

iv.b.5.     

!  

" k #$ i < k, e(P,Si
x,x) = e(P,Si

y,y) 

iv.b.6. 
    

!  

" S # N $  Iy (S)! k,  e(P,Sk

x,x) < e(P,S,y) 

 then x y, and conversely. Note that if S* is maximal over all sets with Iy(S)" k, 

i.e.   

!  

S* =  Sy
k , then it will follow also that     

! 

e(P,Sk
x,x) < e(P,S*,y) also.  

 Lemma v. b.1. x! y / + S, P (  e(P,S,x)!  e(P,S,y). Proof: x! y /  + i ( xi! yi. Let 

T=CP(i). T cannot be a singleton, since if it were, xi=v(P,T)=yi. (It follows also that 

P! F). Therefore, S={ai} , P and e(P,S,x)=v(R(P,{ai}) -xi!  v(R(P,{ai}) -yi =e(P,S,y). 

Lemma v. b.2. ~[ (x y) and (x y)]. Proof: Suppose the contrary and let k be such 

that either k=1 or     

!  

" i < k, e(P,Si
x,x) =  e(P,Si

y,y). Then we have both 

    

!  

e(P,Sk
x,x) > e(P,Sk

y,y) and     

!  

e(P,Sk
x
,x) < e(P,Sk

y
,y), a contradiction. 



 29 

 Theorem v. b.3. x y and y z /   x z 

Proof: x y /      

!  

"  k #  $ i < k, e(P,Si
x,x) = e(P,Si

y,y) and e(P,Sk
x,x) < e(P,Sk

y,y) ; 

y z /      

!  

"  l #  $ i < l,  e(P,Si
y,y) = e(P,Si

z,z) and e(P,Sl
y,y) < e(P,Sl

z,z).  

1) Suppose k=l. Then we have     

!  

e(P,Si
x
,x) = e(P,Si

y
,y) = e(P,Si

z
,z) ) i<k, 

    

!  

e(P,Sk
x,x) > e(P,Sk

y,y) > e(P,Sk
z,z) , therefore x z. 

2) Suppose k<l. Then we have     

!  

e(P,Si
x,x) = e(P,Si

y,y) = e(P,Si
z,z) ) i<k, 

    

!  

e(P,Sk
x,x) > e(P,Sk

y,y) = e(P,Sk
z,z), therefore x z. 

3) Suppose k>l. Then we have     

!  

e(P,Si
x,x) = e(P,Si

y,y) = e(P,Si
z,z) ) i<l, 

    

!  

e(P,Sk
x,x) = e(P,Sk

y,y) > e(P,Sk
z ,z), therefore x z. 

 Theorem v. b. 4. Suppose x! y. Then either x y or y x. Proof: The contrary 

supposition means that for all i we have     

!  

e(P, Si
x,x) = e(P, Si

y,y). 

Clearly x! y /  + j (  xj>yj. Consider the singleton { j}=B; xj>yj/ e(P,B,x)< e(P,B,y). 

Suppose Ix(B)=m, Iy(B)=l. 

1) If m=l, then we immediately have x z, contradiction. 

2) Suppose m<l. By the definition of Ix(S),     

! 

e(P,Sl
x,x) < e(P,B,x) < e(P,B,y) , and 

with the equality  for all i<l, we have x y, contradiction. 

3) Therefore m>l.  

4) Consider T=CP(j). Further, consider C=T\B. By admissibility, if xj>yj, xC<yC. Let 

m*= Ix(C), l*= Iy(C). By an argument similar to the above we must have l*>m*.  

5) Suppose m*" m. Therefore e(P, B,x)> e(P, C,x)> e(P, C,y). Letting S take the 

value C and k take the value m, we have y x, contradiction.  
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6) Suppose m*<m. Therefore e(P, C,x)> e(P, B,x)> e(P, B,y). Letting S take the 

value B and k take the value l, we have x y, contradiction. 

Since the set of admissible x is a closed and compact set and the ordering  is 

complete, a maximal element exists and is unique. The nucleolus for P, nuc(P), is that 

maximal element.  

For a proper game, as noted before, the excess function as defined here reduces to 

SchmeidlerÕs excess function for a game in coalition function form. Thus the ordering 

and the nucleolus also will do so. Accordingly 

Lemma v.b.5. If '  is proper and '    is the game in coalition function form proper to ' , 

then nuc(P)= nuc(P, R$ is the coalition structure nucleolus for '   , P. 

 In all the foregoing, the excess functions have been based on an arbitrary 

successor function R. If we compute the excess functions consistently with an optimistic 

successor function, denote the excesses by e-(P,S,x), and the corresponding nucleolus is 

nuc-(P). If we compute the excess functions consistently with a pessimistic successor 

function, denote the excesses by e+(P,S,x), and the corresponding nucleolus is nuc+(P). 

 

vi. Summary and Conclusions 

 

This paper has focused on TU games in partition function form, without assuming 

superadditivity. The paper first argued that, taking into account KuhnÕs conception of 

games with imperfect recall, the plausible argument for superadditivity is not at all sound. 
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Some terminology and notation for games in partition function form were then set out, 

and the relation of superadditivity to games in partition function form and to efficiency 

was reconsidered. Using the excess function of Schmeidler, a concept of the core for 

partition function games was developed, without using an iterative procedure along the 

lines of Koczy. Nevertheless, the difficulty arises (as in KoczyÕs concept of the core) that 

whenever a set of players form a new coalition, the payoffs to the new coalition depend 

on just how the residual players may reorganize themselves, and there may be more than 

one stable reorganization. The na•ve core, as defined here, ignores these possibilities. 

Recognizing that some potential deviations may not prove profitable to the deviating 

coalition, in the light of this point, we first identify a more restricted set of deviating 

coalitions that may disrupt a particular partition, and may find a larger core associated 

with such a restriction.  

The paper then proposed an extension of the definition of the nucleolus to games 

in partition function form. The nucleolus for partition function games (like the nucleolus 

for a coalition structure in a game in coalition function form) can be computed for any 

partition, is unique, and is an element of the na•ve core whenever the na•ve core is not 

null. However, this result does not seem to lend itself to extension to the larger core 

concept.  

Games in partition function form present several unavoidable difficulties that do 

not arise in games in coalition function form. The possibility of a range of concepts 

corresponding to the core, depending on the optimism or pessimism of the agents, 

illustrates these difficulties. However, the analytical difficulties reflect complexities in 

the real world, such as externalities and Òimperfect recall.Ó When we adopt the game in 
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coalition function form and assume that it is superadditive, we effectively assume those 

real-world complexities away, which vitiates the pragmatic usefulness of the analysis. 

Extension of concepts such as the core and the nucleolus to partition function games 

promises solution concepts that may address such pragmatic issues. 
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Endnotes 
                                                
!  Professor, Department of Economics and International Business, Drexel University, 
Philadelphia, PA, 19104, and Taylor Distinguished Visiting Professor, Department of 
Economics, Trinity University, San Antonio, Texas.  
1 Proposed by Thrall in 1963, this approach was little developed until the 1990Õs, when it 
began to be used in applications in which externalities were important. Moreover, the few 
earlier applications, such as Myerson (1976) and Bogler (1989), focused on extensions of 
the Shapley value, assumed superadditivity.  
2 A search of Science Citation Index and Social Science Citation Index for papers that 
cite both the papers of Kuhn and Aumann and Dreze returned no references. I am 
indebted to my wife, Katherine McCain, Professor in the College of Information Science 
and Technology, Drexel University, for this information. Aumann and Sorin, 
ÒCooperation and Bounded Recall,Ó is not an exception and argues that a repeated 
noncooperative game with some limitation on recall may for that reason be more likely to 
realize a cooperative outcome. However, it is not concerned with coalitions, nor are they 
concerned strictly with the condition Kuhn defined as imperfect recall.  
3 This concern with shirking in organizations was central to some contributions to 
economics at about the same time; see e.g. Alchian and Demsetz 1972.  
4 These numbers are rounded from a spreadsheet example in which the relationship of 
land and output is modeled by a Cobb-Douglas function standard in economics. The 
exact details are given in the appendix, available from the author.  
5 There is, of course, a large literature on sharecropping and its advantages and 
disadvantages by comparison with renting agricultural land for a fixed sum. See e. g. 
Stiglitz, Cheung. 
6 From this point in section ii much of the terminology defined is new in this paper.  


