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A largeliterature of coopeative game theory is based onthe
assumptionsthat the game is expressed in codition (or characteristic)
fundionform, andtha it is supgadditive. The pape first points outa
difficulty with the assumption of supeadditivity, referring to a category of
games in Kuhn (1997) Despite the more than fifty years since this pgper
was published, theimplication for superadditivity has not been noted in the
literature. This pgper developsconaepts of the core and nudeolusfor games
in partition fundion form tha may or may not be supeadditive. The core
conaept is distinct from some recent contributonsby usng a direct rather
than iterative definition, and the literature seems to contain no discussion of

thenudeolusfor patition function games.



Extension of the Core and the Nucleolus to Gamesin
Partition Function Form, Not Necessarily Superadditive

Qoulet thefarmers aoneE all they gotto dois gang up efficiently amongthemselves
E butthey never can stay ganged up they run outon each otherO

-- archie the cockroach in Don Marquis, The

Lives and Times of Archie and Mehitabd
(Doudeday, 1950)

A largeliterature of coopeative game theory is based on the assumptionstha
utility istranderable, tha thegameis expressed in codition (or characteristic) fundion
form, and tha it is supeaadditive. In this pagper thefirst assumptionisretained, butthe
secondtwo are not. Theobjective is a coopeative game theory in which it is possible to
take three thingsexplicitly into account First, athoughthetheory of nonranderable
utility gamesislongdanding and well developed, the advantage of thetranderable utility
assumptionistha we may take side payments explicitly into account rather than
relegaing them to the game in extensve form, which coopeative game theory does not
discuss. Second, by expressing the game in partition fundion form, we can take
externdities explicitly into account Third, if thegame is not assumed to be
supeaadditive, then we can take into accountcases in which decentralization is necessary
for efficiency. Decentralization may beimplicit in the opeation of the grand coditionin
asupaadditive game, but, as with externditiesin agame in coditionfundionform, the
coopeative game andysisitself can tell usnothing aboutthis. Indead, inanon
supegadditive game, the advantages (in some cases) of decentralization are explicitly

represented.



Theassumption of supaadditivity seemsto betheleast discussed of these three
assumptions especially in recent game theory. Accordingly thefirst sectionis aremark
on supaadditivity, evaluaing the GplaugbleQargument for this assumption and offering a
counerargument. Thediscussion of supeadditivity is very old, but a connection between
two classic pgoers establishes a case for nonsupaadditive coopeative games and this
connetion does not seem to have been madein the literature®. Since thegame in partition
fundionform is notwiddy studied, the second pat of the pgoe will discuss some
concepts and terminology, both from earlier literature and novd for this pgper. In the
third section, we return to supeadditivity, specifically in the case of gamesin partition
fundionform. Supeadditivity has previoudy been defined for gamesin codition
fundion form and some modificationis needed for gamesin partition fundionform. In
thefourth section, thecore for gamesin partitionfundionformisdiscussed. Thereisa
modest literature on this topic, and therecent work of Koczy in particular seems
important. Some similarities and differences are noted. Thefifth section developsa
concept of thenudeolusfor codition structuresin a patition fundion game. Thisdoes

not seem to exist in theliterature. Thesixth and last section summarizes and condudes.

I. A Remark on Supeadditivity

Coopeative games are dmog always assumed to be supeadditive, which means
tha if two coditionsmerge thevauerealized by the merged coditionis noless than the
sum of thevalues of thetwo coditionssepaately. This assumption originaes with von
Neumann and Morgengern (2004p. 506), and while they concedetha theargument for it

is a (plausbleQargument rather than mathematical, the argument for superadditivity is



persuasive. Theargument is essentially tha any vector of strategies available to thetwo
coditionsseparately is aso available to the merged codition, so that they can dono
worse than to adoptthe strategies adopied by thetwo coditionsseparately. Let uscall
tha argument Grgument A.OAumann and Dreze (1974p. 233) question the assumption,
athoughthey concedethat Gupeadditivity is intuitively rather compdling.O
Neverthdess, they goontowrite E @cting togetherGand sharing the proceeds may
changethe nature of the game. For example, if two independent farmers were to merge
thar activities and share the proceeds both of them might work will less care and energy;
theresulting output might beless than unde independent opeaations in spite of a
possibly more efficient division of labor.*0

In oneof theacknowledged Classics of Game Theory, Kuhn(1997)extended and
refined the treatment of games in extengve form. Some of Kuhn@ results apply only to
games of (perfect recall.OHowever, Kuhn®discussion extendsalso to games of
Omperfect recall,Otha is, games in which aplayer may notbe aware of some of its own
earlier moves. The oneexample of agame of impefect recall cited by KuhnisBridge in
which both members of a patnership conditute one sidein thegame, asingle player in
effect. However, onemembe of the patnership may be unavare of the strategy pursued
by the other. To accommodae this case, Kuhnallows for a player to be a compoundof
two or more Gagents,Oeach agent having perfect recall of its own plays but nat
necessarily that of other agents of the same player.

These are al very old idess, but the connection between Kuhn®games of
imperfect recall andtheissues Aumann and Dreze raised aboutsupeaadditivity does not

seem to have been noticed. Tha connestionis the subject of this remark. Since the point



isnegaive, theremark will proceed by example: not aformal counterexample (since the
arguments contradicted are notformal arguments) buta pragmatic one

Suppog we have two farmers, asmall farmer Sand alargefarmer L. The small
farmer has 3 acres of land and thelargefarmer has 27. (Thereader may add zerosto
these numbersif shelivesin a more developed country). Each farmer can choos to work
with great effort or with dighteffort. Working with great effort increases output by 50%,
but has a subjective cog equivalent to decreasing the farmer@ produce by 10 units.
Output also dependson land. Working indegpendently, on his 3 acres, the small farmer
works with great effort and produces’ 30, for avalue net of effort cos of v{S}=20.The
largefarmer also chooses to make a great effort on hislarger landholding, and doing so
can produe 150, leaving v{L }=140ne of theeffort cos. But thisisan ineficient
allocation of resources. The output of onefarmer working 15 acres of land with great
effort is 100.(With dight effort 15 acreswill produce 65). Thus arealocation of land
could raise thetotal output of thetwo farmersto 200, and net of effort cod ther tota
benefits would be 180

We suppo® thetwo farmersform a coditionto realize tha potentiality.
Specificaly, L rentstheland of Sand hires S, forming afarm of 30 acres onwhich labor
and effort will beefficiently allocated, with each farmer working 15 acres and L
receiving the output but making aside payment to S. For an extensve-form game, aside
payment is ssmply another strategic move at thelast stage For smplicity, we suppo®
tha L consders only two lump sum payments, large 40 and small: 15. If both work with
great effort, L will find himself with 200at theend of theyear and atrander of 40to S

will leave L with 160 Deduding 10 for theeffort cog of L& labor L has 150>v{L}=140.



S has 40, and after we dedud 10for his effort heisleft with 30>v{S}=20. Treating this
asanonmopeative game in extengve form, these assumptionsare shown by Figure 1.
Behavior strategies for L are 1) to offer to hire thelabor and land of S or notto offer, and
2) to pay alargeor asmall side payment. Behavior strategies for S are to refuse or to
(accept and) make a great or small effort. Thefirst payoff isto L andthesecondto S.

This game has two subgane perfect equilibria: dor@ offer and offer, refuse.

150,30

Figure 1. The FarmersOGame in Extengve Form (with Perfect Recall)

If thecodition gameis agame of perfect recall, L will commit himself to the
(contingent) pure strategy " 1=Qmake great effort, and in case S makes great effort transfer
40to S, butotherwise transer only 10 to S;Oand the best response for Sis strategy
" ,=Qrander three acres of land to L and make great effort on theland he allots to me to
work.Oln this game, " 1 is available to the singleton codition of L only, butwill notbe

equilibrial because it isnotcredibleto S. " ; isequdly available to thecodition, and,



because of theinformation available to it, the codition can attain thefully efficient
outcome.

But the codition of L and Sis nowacompoundplayer with two Gagents,Owho
may or may not know the strategy commitments of oneanother. In genera, any codition
other than asingleton coditionis acompoundplayer with aplurality of agents, so tha
theposibility of imperfect recall arises naurally. Suppog, for example, tha L is
unavare of theeffort madeby S. Then L isunéable to condition his sde payment on the
effort madeby S. Strategy " 1 smply is not available to the codition. The nonmopeative
game tha correspondsto a coopeative game of imperfect recall is shown as Figure 2. If
indeed thetwo farmers form a codition, they will find themselves playing the game

shown in strategic nomal formin Table 1 Basodal dilemmal

150,30

1755
115,40

140,15

Figure 2. The FarmersOGame in Extengve Form (Corresponding to Imperfect Recall)



Tablel. Effort and Side Payment

L
Payoff order:
Agents S, L Small
Large payment payment
Great effort 30,150 5175
Slight effort 40,115 15140

How can asodal dilemma arise within a coopeative gane? We have seen that
the strategy tha conditionsthe side payment to S on his effort, " 1, isnot available to the
codition, because of impeafect recall; so thegreat effort from Sis smply notenforceable.
On the other hand, a contract between L and S calling for a side payment of 40
presumably would be enforceable, so " ;=Qmake great effort, andin case S makes great
effort trandfer 40to S, othawise tranger 40 to SOis an available strategy; however, it
will not suppot an outcome acceptable to L. Conversely, if hecannotget thelargeside
payment, S can never beas well off than hewould bein his singleton codition, and
making great effort only makes tha worse. Thiswould lead usto assign the codition
{S,L} avaluev{S, L}=155<{s}+V{L }=160.

Notice tha thegamesin Figures 1 and 2 have the same nonmopeative solutions
Because Qlight effortOand Gmall side paymentOare dominant strategies, the (timely)
availability of information onthe effort madeby S makes no difference for a
nonmopeaative modd. However, it makes a crudad difference for the coopeative game,
and, indeed, the availability of informationwill distinguish between problems that can

and cannotbe solved smply by forming thegrand codition.



Now recall argument A: Gany vector of strategies available to thetwo coditions
sepaately isaso available to themerged codition, so that they can do noworse than to
adoptthethe strategies adopied by the two coditions separately. OSince the two agents
each chose great effort when acting as singletons but (dueto imperfect recall) no strategy
isavailable to thecoditiontha would elicit great effort from S, indeed it isnotpossible
for thegrand coditionto adoptthe strategy vector thetwo singleton coditionsadopted
sepaately. Now, adeende of argument A mightrespondtha this misstates the point:
tha theargument, as applied in this case, meansthat S and L could ingead simply
continueeach to work his own land and take possession of his own produd, with the
result tha the grand codition would produe jud thevaluetha thetwo producd
separately. This cannotbe controverted, butwha does it mean?| would suggest tha we
might say ingtead, Qhe grand codition does not form in this game.OWhat isthe
difference of meaning between thetwo phrases?

Another defense of argument A might be (But this example dependson the
assumptiontha L rentsland from S and hires him. There are other ways the codition
might beformed. For example, L mightrent 12 acresto S, either for afixed sumor a
share of his produd, and each take possession of his own produd.OThe counerargument
to thisdefense istha thedefense is smply describing a different game, and of course a
different game may have a different solution? But this defense actudly points up the
pragmeatic advantages of aformulationtha allows usto say tha thegameis not
supeadditive. We mightwant to explain thewidespread practice of sharecropping along
thefollowing lines: CBharecropping (and other forms of renting of agricultural land) are

widespread because larger farms are less efficient: tha is, thegame of consolidating



farmsis a game with imperfect recall, and consquently is not supeadditive.OBut if,
accepting argument A, we assume supaadditivity, this explandionisnot possible.
Kuhn®games with imperfect recall providearationde, within game theory, for
wha pragmatically appear to be nonsupeadditive coopeative games. Plaugble asthe
argument for supeaadditivity is, we will find coopeative game theory a more powerful

explanaory tool if theassumption of supeadditivity isnotmade

ii. Games in Partition Fundion Form

Let N bean index set of agentsin agame, a#N, i=1, E n,andlet $ y bethe set of

al partitionsof N and P%$ n. P={C1, C, E, C, &}. | G| will denote the number of
membersin C; and |P| will denote thenumber of nonanpty coditionsin P. A par {P, C}
with C; %P is called an embedded codition and ECL denotes the set of all embedded
coditions Theset ECL isddined for any N. A coalition valuefundionv(P, C) assignsa
real numbe valueto codition C; in thecontext of thepatitionP.' ={N, v(P, C)}
comprises agame in partition fundion form®. For g#N, Cp(8)=Ci%P ( g#C..

A gamein patitionfunaionformis prope if v(P, S)=v(Q,5)) P,Q ,S(
PY%5.,Q%b.,PIQ, S" N, SUP, SUQ . Othe gamesin patitionfundionform are

imprope. For apropa game' , we may defineagame in coditionfundionform by N,

10



v (S)=Vv(P,S) forsome P ( S¥P. Thegamein codition form generated in this way will

besaid to bethegame in codition fundionform propea to ' .

Remark: It isnat difficult to write an algarithm to generate all possible partitions
for aset of cardindity N. There seemsto beno simple formulato compute the number of
patitionsfor a set of cardindity N, but computation makes it clear tha thusnunber
increases very rapidly with N. Table 2 shows the computed number of partitionsfor N=1,
E ,10.

Table 2. Partitionsof a Set of N

number of
partitions
1
2
5
15
52
203
877
4140
21147
115975

Boo~vounrwnekz

If PisapatitionandQ={B 1, E , Bs, &} isapatitionand) i=1,E , s, +k %{1,
.1} (Cl&, B CC, eP,thenQ issaidto bearefinement of P. Remark: Formally,
each patitionisarefinement of itself. If P! Q then Q issaid to beaprope refinement.
ThefinepatitionisF = {{a1},{az}, E , {an}}. Trivid lemma ) P %$.,Fisa

refinement of P. In thepartition G={N }, theonly member set isthegrand codition N.

11



Trivid lemma: any patition P isarefinement of G. Let Cp(i) denote C %P ( a %C. For
any PY v, P@j)={C1, Cz, E , Cp(&)\a, { 8}, C:, &}. Wewill refer to Pdj) asthefirst
refinement of P with respect to j. For any P%$ y and S, P, PQ={C|+- %P (

C=B\S}. {S}, PQwill becalled theresidud patition of P with respect to S.

Remarks. If agroupof two or more who do not comprise a codition in the current
partition consder withdrawing from thar current affiliationsand forming a new
codition, then theimmediate result would betheresidud partition. Of course, the
residud coditionsmay then bereorganized to address the changed situion, (note
Koczy) buta) the new codition cannotforce any particular reorganization on them; the
resdud partitionistheonly patitionthat it isin the power of the new coditionto bring
about even temporarily, and b) such reorganization should be addressed in the specific
context of amodd and theandysis may differ from onemodd to another. If asingle

individud j consders withdrawing to goit aloneg this would lead to thefirst refinement

PQ).
For P%& ., S¥P, apatitionQ issaid to begranular with respect to S, P, iff
) BYQ , eithe B=Sor +C%P,C! S, ( B" C. Trivid lemma ) C%P, C! S, Q granular

withrespect to S, P," B={B} # Q, $C = % B;. Remark: A granular refinement of P

with respect to Sis onethat retains S, butallows any further refinement of N\S. Note tha

if P isthegrand codition G, it has no prope granuar refinement.
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For P%% ., S¥P, arefinement Q is said to beparticulate with respect to S, P, iff
) BYQ , either B" Sor+Cu%P, C! S, ( B=C. Trivid lemma foral C¥%P,C! S, Q
paticulate with respect to S, P + B¥Q ( B=C. Remark: A particulate refinement of P
with respect to Sis onethat subdivides only S, leaving the other coditionsin P

unchangeal. Note tha every partitionis particulate with respect to thegrand codition G.

Aswith gamesin coditionfundionform we will be interested stable imputations

for gamesin patitionfundionform. Foragame' ={N, v(P, C)}, an imputation x={X 1,
E xn} isavector of paymentsto theN players. For patition P an imputation x is

adnissibleiff ) SuP, # x, =x,=Vv(P,S). Remark: Tha is, the condiion of

i"S
admissibility isthat each codition spendsonly its own valug Qevery tubsits onits own
bottom.OThis definition excludes side payments from onecodition to another. For some
purposss, X <V(P,S) would besufficient, butthis definition requires tha to be
admissible, an imputation mug be efficient in the sense tha each codition distributesiits
entire valueamongits members. A similar restriction was imposed by Aumann and

Dreze but has not been imposed by mog later work on solutionsfor codition structures.
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lii. Superadditivity, Agan
Intuitively, agame is supaadditiveif thevalue of amerged coditionisnoless

than the sum of the values of the coditionsmerged to createit. Let' ={N, v(P, C)}.
Suppo® tha, for any P%$ v, ) S¥P, if Q isarefinement of P andis paticulate with

respect to S, then for all Co%P, v(P,C)" %'Q ,B". Then' issupeadditive, and

B#Q
BS$C

convasely.

Remark: Using the conaept of particularity excludes the following kind of
possibility. Consder afour-person game with negative externdities. Theplayersare A,
B, C, D. For thefinepatitionthecoditionvauesare 2, 2, 2, 2. If thefirst two singleton
coditionsmerge, thevalueof {A B} is5 solongas C and D continueas singletons butif
{CD} isformed, thevalueof {A B} thenis 3. Neverthdess, thismight bea supeadditive
game. Argument A applied to this example would be as follows: {A B} can do howorse
than{A} and{B} sepaately, when {C} and{D} continueassingletons becaus A and B
as a codition can adoptthe same strategies they played agang C and D as singletonsand
thusobtain the same total payoff. If there are negaive externditiesfrom {CD} to {A B},
the same strategies may not result in the same payoff after {CD} hasformed. However,
{A BHC D} isnotpaticulate with respect to {A B}{CHD } andthecodition{AB}. This
definition can be suppoted by the (plausbleOargument for supeadditivity, while
withouttherestriction to particulate patitions tha would notbe so.

If thegame is not supeaadditive then thegrand codition may nat be efficient. We

can define an efficient partition following Aumann and Dreze. Firgt, if * ={N, v(P, C)}
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isagamein patitionfundionform, let' * ={N, v*(P, C))} bethesupeaadditive cover of
' . Thesupeadditive cover isddined asfollows: Let H betheset of dl refinements of P
tha are paticulate with respect to S. (Recall, trividly P¥H). Then

v* (P,C) = MAX $ v(Q ,B). Tha is, thevalueof an embedded coditionin the
o

B#C,
supeaadditive cover isthe maximum over al refinements of the patition of the sum of
thevalues of the subsets of that coditionin theorigind game, given tha thenon

members of tha codition do notreorganize themselves into another partition. Note tha

thesupaadditive cover isitself supaadditive. A partitionQ isa-efficientif

# v(B) =v* (N). Tha is, an a-efficient partition generates the maximum total value,
B"Q

summed over al its coditions tha the game admits of. Note tha since every other

patitionis paticulate with respect to G, v * (G,N) = lg/I@X $ v(Q B).

N B" Q
Themore cusomary definition of efficiency in economicsis Pareto optmality.
Let ussay tha P is p-efficientif +x, an imputationadmissible for P, () Q¥., and)
imputationsy admissibleforQ ,yi>xi/  +j %{1, ..., } ( yj<x;. Remark: tha is, relative

to X, any imputation admissible for any patition that makes oneplayer better off will
make some other player worse off than his payoff at x. Then apartitionis consdered p-

efficient if it suppots at least onePareto-optimal imputation.

Theoremiiii.1: If ' issupeaadditive then thegrand codition G is p-efficient. Prodf:
Suppo® thecontrary. Then for any x admissible for the grand codition, +Q %%., +y

15



admissiblefor Q , withy;"x; for al playersj, and moreover +i ( yi>x;. Therefore

"ox =vNENF <" oy =" Ty =" v(Q,9); this, however, contradicts
N N S#Q i#S S#Q

supeadditivity.

Theorem iii. 2: If partition P isa-efficient then it is p-efficient. Proof: Agan, suppo the
contrary, that P is not p-efficient. Tha meansthat for any x admissible for P, there exist
apartition Q andan imputationy admissible for Q such that x#y;, ) | %{1,...,* } and +i(
Xi<yi. Let i%CY%Q . Then xc<yc. For B! C, B¥Q , xg#ys. It follows that

HV(P.S)=# x;<# y.$v*(GN). It followstha P is not a-efficient.

S"P S"P B" Q
However, theconvaseis notso. Congder thefive person game in patition

fundionform with P={A BCHD E} yieldingvaues3020and Q ={ABCHD KE }

yielding values 30,30,1. All other imbedded coditionshave values of zero. (Thisgameis

quite clearly notsupeadditive!) P suppotstheimputation 10,10,10,10, 10. Any other
imputation admissible for P will make some player worse off, and any imputation
admissible for Q will make E worse off. Therefore P is p-efficient. However, the
supeaadditive cover of this game assigns30, 31to P and 61 to thegrand codition,so in

thisgame only Q isa-efficient.
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iv. TheCore

for P.

A candidate solutionto' isapartition P and an imputation x tha is admissible

Remark: oneof our objectivesisto draw condusonsaboutthe patitions
more or lesslikely to form, i.e. the problem of endogenouscoditions Thisiswhy

the candidate solution specifies the partition as well as theimputation.

Definethe excess for Swith respect to P,x as e(P,x,S) =v(P's,9" X.
Remarks. Note tha if x isadmissible for P and S¥P then &(P,x,S) mug

identically be zero. Schmeidler defined the excess in his pgper that introduced the
conaept of thenudeolus and Aumann and Dreze showed that the excess could be
used in the derivation of the core and other coopeative solution conaoepts, not
induding the Shgpley value However, mog deivationsof the core do notuse the
excess fundion. Schmeidler defined the excess function for gamesin codition
fundionform, so tha they mightbeambiguousfor patitionfundion games. This

definition resolves the ambiguity by identifying the value of S asthevalueof S

embeddel in theresidud patition PQ. Aswe will see, thisis anawe valudion.

a A Nasve Core

A deviation froma candidate solution (P,x) isaset of playersS, P.If

e(P,x,5)>0, then P,x is (nasvely) disrupted by S. Equivalently, adisruption of a candidae
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solution (P,x) isaset of players S, P andanimputationy admissiblefor Q =Pl such

tha
1. "i# Sy $x
2. "i# Sy, >x

Remark. It is sufficientthat e(P,x,9)>0, i. e v(P's,S) > X, since adisrupting

imputation can then easily be congructed. This terminology seems new butwill bealittle

more direct than the more conventiond locution: Suppo® x is avector of payoffs

admissible for P. Suppo® tha by deviating and forming a codition resultingin partition
Q , groupScan ganys> X, Wherey is a payoff vector admissible for Q . Themore
conventiond term in game theory would beto say tha Q dominaesP viay.

If adisruptionof P,x exists, then we will say tha P,x is naively undable, while

otherwise it is stable. The set of (navely) stable candidate solutionswill be called the
nasve core or n-core.

Remark: There are many kindsof stability in cooperative game theory! The set of
stable candidate solutionsis closaly related to the core in thetheory of gamesin codition
fundionform. In gamesin patition fundionform, however, it isnave. Thevalue
v(P's,S isthevalueS could realize if they form acodition, provided thereis no further
reorganization of the other playersinto a new partition other than theresidud partition. It
may be (Koczy, Chwe) that the members of Swould anticipae further reorganization tha

could make them worse off, and therefore decide not to codesce, a point that we will
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return to. Note tha nasve stability impliesasimilarly nasve individud rationdity, since

the excess cannotbe postive for any singleton codition.

a)

b)

Remark: The nasve core may, of course, benull. Congder thefollowing
gamein patitionfunaion form:

Table 3: Game 2.

partition payoffs
. { ABC} 1
. {AB} { C}
. { AC} { B}
. { BC} { A}
. {A} {B}{C}

a b wdN Pk
N O OO O
N 00 0 00

For patition 2, e.g, with any admissible imputation x, adisruption of the partition
can beformed by partition 1 with x;+0.5, x»+0.5, 9, and similarly for partitions3
and4.
For patition 5, partition 1 with 5 1/3 for each agentis adisruption of partition 5.
For partition 1, any admissible x gives at least oneplayer a payoff <8. The
patition tha makes tha player a singleton codition, i.e. thefirst refinement of
patition 1 with respect to that player, disrupts partition 1.
Thisis an ingance of aholdoutproblem.

Remarks: The nasve core comprises a set of patitionsand admissible

imputationstha are stable in the sense tha no group has any incentive to destroy

the partition by organizingamongthemselves. Tha is, let P%$ ., x an imputation

admissiblefor P,S" N,S# P, Vv(P's,S)>Xs. Then S have an incentive to disrupt

P, and so P, x isnotin thenasve core. However, the shift of Sto form P's might
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lead yet another group T" N\S T# P'stoform acodition, trandorming the

patitionfromP'sto Q, with v(Q ,S)<xs. In tha case, at least some of group S

will unavoidably beworse off, and if the members of S have sufficient foresight

they will restrain themselves from forming a separate codition and so disrupting

P; thusP, x is stable even thoughit is notin the nave core.

b. A Successor Fundion

Thenave approach supplies avauefor adeviation, butthe value may notbe

congstent with farsighted rationdity. The difficulty, as we have seen, istha partition PQ

may not actudly follow if thedeviation by S occurs, and in deciding whether or notto
carry outthar deviation, thegroup S will have to form ajudgmnent as to wha the
consquences of their movewill be given the opportunities for aresdud groupto

reorganize themselves. To capture this judgnent, we might pogulate a successor

fundion', R, such tha for P, S" P, thedeviation by Sresultsin theformation of

patition Q =R#PS). However, some care needsto betaken to assure tha thisfundionis

congstent with the structure of the game itself and with our assumptionsof agent

rationdity, whaever they may be

! Thiswill recall Luce and Raiffa@ (1957)0-fundion. However, there are some
important differences: in paticular theO-fundionis aonemany relationship (we will see
some similar congructs bd ow) while the successor fundionis 1-1; and theO-fundionis
meant in part to capture information on limitationson coditionformationtha arein
some sense sodological andirrationd. However valuable tha information might be, itis
not an objective of the successor fundion.
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Condder P, S¢& P, and a sequence of embedded coditions'S" 'Q , *S" °Q , ..,

#He & "N 0
"S' "Q, anddenotingSas'S, 'Q =P, ¥'S" N\%U'S(,and N\ 's&=( . Thisis
i 1

i=1 i=

a sequence of refinements of P granular with respect to S, and every such sequence of

refinements will correspondto oneor more sequences “S. Note that n§|N \ 51+1, since

evenif 'Sisasingletonfor al i>1, n adjugmentswill exhaug theresidud set N\S; with

larger sets'S the number of stepswill bestill fewer. However, notall such sequences will

n k

occur, if adjugments arerationd. Suppoetha " ¥z admissible fofQ |,

ji.b. 1 "k>1 k<m, v("Q *9)>z,_. Thatis, each set “S deviates from“*Q

in the expectation of ultimately doing better than it would doat **Q .

m 1

$m
iii.b.2.  Eithem=nor" T# N\é)'%, Vk>m, v("Q ,T)>*z,. Tha is, no
o

subset of theremaining residud grouphas any motive to disrupt "Q .

Then "Q isa &-stable outcome for P,S. Let M #PS) denote the set? of all 1-stable

outcomesfor P,S.

Now suppo® tha m=1, i.e. nogroupin theresidud set has any motive to disrupt

P's. Then conditions1 and 2 are trivially satisfied. If follows tha M #PS) cannotbenull.

On the other hand, there may be more than onel-stable outcome, i.e. more than one

sequence satisfyingiii. b. 1. 2, as each step i mightallow of two or more sets 'S,

% This onemany relationship is anearer relative of the Luce and Raiffa0-fundion,
though(at least by intention) innocent of any sodological content.
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It may betha some of the stable outcomes can beruled out by further rationd
congderations In general, arationd agent would form a judgmnent, by means of some
Bayesian or other procedure, as to which of the stable outcomesis mog likely. With

sufficient information of this kind we mightdefinea rationd successor fundion

R(P,9)=Q , with Q the (expected) successor® in case of adeviation of S from P,
followed by al rationd adjusgments by theresidud group.If Q = R(P,S) andU = R(Q

S), thenU = R(P,S). In general, however, we will notbeable to characterize arationd

successor fundion, asit islikely to depend oninformation notavailable in the description
of the game but dependent on the particular circumstances of the application, time and
place. Following some aspects of Koczy@ work, however, we may set some limits to the

rangeof rationd successor fundionsby consgdering optimistic and pessimistic cases.

c. A Hypotheica Extengon of the Core

For now, take the successor fundion as given, andlet R#PS$=Q . We ddfinethe

excessfor P,S, and x as e(P,S,x)=v(Q ,9)-xs. Thisconstruct will play akey roleinthe

remainde of the chapter.
Remark: Schmeidler defined the excess in his pape tha introduced the concept of
the nudeolus, and Aumann and Dreze showed that the excess could beused in the

derivation of the core and other coopeative solution concepts, notinduding the Shapley

*If, indead, therationd agent assignsprobabilities to the different™Q tha mightoccur,

and estimates a mathematical expectation for thevalue of anew codition, thediscussion
tha follows would be only dightly complicated.
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value However, mog derivationsof the core do not use the excess fundion. Schmeidler
defined the excess fundion for gamesin coditionfundionform, so tha they mightbe
ambiguousfor patition fundion games. The successor fundion resolves this ambiguity,
at the cod tha there may beafamily of excess measuresif therationd successor fundion
isnotuniqudy identified.

We will then definethe core as the set of candidae solutionsP,x

" #S$ P, eP,Sx)! O.

Lemmaiii. c. 1:if ' =N, v(P,S) isapropa gameand' =N,v(S) isthegamein

codition fundionform prope toit, and P,x is an element of thecoreof ' , then xisan

element of thecodition structure core of *  for codition structure P. Proof: For any S,

e(P,Sx)#0. Further, v(S)=v(Q ,S) forany Q suchtha S" Q andtheeforeforQ

=R#PSSin particular. Thuse(S,x)=v(S)-xs =Vv(Q ,S) -xs = &(P,SX)#0, so tha x isin the

codition structure core. Remark: Trangoarent as thislemmaiis, it isimportantin that it
establishes tha the core as defined here is a generdization of the codition structure core,

which in turn generalizes the core to games tha may not be supaadditive.

d. Optimism and Pessimism
Therationd successor fundion discussed in the previoussection probably cannot
be specified fully for agenera case. Indeed, rational judgnents on thelikelihoodof
particular stable outcomes may arise fromthe specific circumstances of the application,

time and place. However, we can set some limits to therangeof possible successors and

23



core-like stable sets. (Theinfluence of Koczy and of Aumann and Maschler will be
evident here). Define

ii.d.1. 1. R'(P,S)IQ "= argmax v(Q ,S)

Q" M!P,S)

ii.d.2. e(P,Sx)= o mggs)v(Q ,S)- Xg

iii.d.3. R*(P,9=Q " = argminv(Q ,S)

Q" M!P,S)

iid4.  €P.Sx)=_min v(Q.S)-xs

Here, iii. d.1, 2 characterize an optimistic perspective, selecting the stable outcome that
leaves the deviating group S with thebest valueand iii. d.3, 4 characterize apessmistic
perspective, selecting the outcome that leaves S with theleast value Neither opimism
nor pessmism is genealy rationd. If we define

iii.d 5. &(P,S.x) = V(R (P,S),S)- X¢

for R an (unknown) rationd successor fundion, then we will have

e'(P,Sx)! e(P,S,x)! € (P,S,x). Note tha theminimum isindicated by theplussign*
and the maximum by theminussign " because theoptimistic perspective leadsto a
smaller core. This perspective isoptimistic in thesense tha a potential deviator groupis
optimistic abouttheresults of therr deviation and so are more likely to disruptthe
existing partition than they would bein a pessimistic perspective. Put otherwise, by
looking to the maximum of the payoff to adeviation, the optimistic perspective

minimizes the set of stable patitions
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Now denote theoptimistic core by 2°and P,x " # iff $ S% P, €(P,S,x) &O0.
Denote the pessimistic coreby 2*and P,x " #" iff $ S% P, €"(P,S,x) &0. Denote the
rationalcoreby 2and P,x " # iff $ S% P, gP,S x) &0.

Theoremiii.d.l: "*$ " $ " *. Thissimple theorem follows from thefact that

QWA%S)V(P’S) X" V(RIP,S),S)- X Q'WAI!QVS)V(P,S) X for arationd selection

fundion® R.

Note tha thelemma of the previoussection establishes tha a core based on an
arbitrary successor fundionis an extenson of the core for gamesin coditionfundion
form. Thislemma applies in paticular to both the optimistic and pessmistic cores: each
is an extengon of thecore for gamesin coditionfundion form.

While this discussion has borowed several ideas from Koczy, there are some
important differences. First, Koczy@ definition is recursive, while this discussion, by
making use of theexcess fundion, needsnot proceed by recursion. Koczy allows
rartitiondOdeviations that is, smultaneousformation of two or more new coditions
tha may disruptan existing partition. Using this assumption, Koczy provesthd a

recursive core alocation mug be Pareto-optimal, with the following reasoning: G\ssume

E there exists an outcome (x, P) %4C(N,v) such that there is another outcome (y, P") with

y>x. Consder theDprofitable Ddeviation by codition N forming partition P". E

Contradiction OWhile heis not explicit onthe point, it appears tha this will also require

* Moreove (in reference to the previousfootote) since the optimistic and pessimistic
core set limits for any other rationd successor fundion, however defined, they also set
limits for any probability-weighted average of theoutcomes of different possible
SUCCESSOrS.
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side payments from onecodition to another. This approach seems to blur thedéfinition
of acodition, but, more importantly, isinconsstent with some of the pragmatic
objectives of this pgoper, as oneof the objectives of this pgoer isto form atheory of

codition formation tha could be consstent with stable inefficiendes.

v. Nudeolus

Amongthe coopeative solution conagpts, many share the shortcomingsof the
von Neumann-Morgengern solution set: they may benull, andif they are notnull, aso
not unique Thetwo exceptionsare the Shapley value and the nudeolus The nudeolus
has thefurther propety tha if thecoreis nat null, thenudeolusis an element of it (andis
also an element of thekernd, a coopeative solution concept tha we will notconsder
here). Aumann and Dreze defined the nudeolusfor a codition structure (in agame in
codition fundionform), so, for aprope game, thenudeolus can beddined for each

partition.

a Gened Congderations
In defining the nudeolus Schmeidler first defines the excess fundionsand then
ddfines an ordering dongthefollowing lines: For imputationsx, y, consder the set
S" N such tha the excess with respect to x is greatest and fory consder T C N for
which the excess with respect to y is greatest. Then theimputation for which this greatest
excessis smaller in magnitudeis the more acceptable of thetwo. (Recall that for a
codition structure we need to add therestriction that both x andy are admissible for the

codition structure unde consderation)) Schmeidler then writes Of max {v(S)-
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X(9)|S" N}> max {v(9)-y(S)|S" N}, wesay tha the payoff vectory ismore
acceptable than x. If there is equdity beween the maxima, we compare the next greatest
excess with respect to x and y respectively.O

The Gequdity between the maximaOmay be aresult of an inddental equdity
between the values of two sets, but can beforced by the assumption of admissibility for a

codition structure. Congder Game 10.2, a propea game:

Table 2. Game 102: Make Room

partition  payoffs
. { ABC} 1
. {AB} {C}
. { AC} { B}
. { BC} { A}
. {A} {B}{C}

a b wdN Pk
WO OOON
W www

Consder patition 2. asacodition structure. Let S={A BC}. Because we consder
only imputationstha are admissible for partition 2, the excess in this case is v{A BC} -
Vv{A B}-v{C}=12-9=3 for al admissible imputations Therefore, the excess for {A BC}

can play no part in deermining thenudeolus In general, any set tha can be composed as

aunion of setsin P will beirrelevant to the nudeolus of P.

b. Ordering
Schmeidler@ orderingis adapted as follows. In al tha follows we take the

successor fundion as given and define the excess fundion accordingly. For each x and a

given P we definean index, 1«(S) over theset of all subsets of N asfollows:
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iv.b.l. (9 =1iff" T# N, eP,Sx)! e(P,T,x) (Thefirst-ranked set for
X isthe set whose excessislargest.)
iv.b.2. 1.(9 < I (T)iff e(P,S,x)>e(P,T,x) (A set with agreater excess

isranked before onewith alesser excess.)

iv.b.3. "U# N, L(U) $%T#N, IL(T)& I, (U)= M (Theeisalast-
ranked index).
iv.b4. if n<M, then"S# N $ [ (S =n. (Every rank from 1-M

correspondsto at least oneset).
Notetha for atie, e(P,Sx)=eP,T,x) " 1,(9=1.(T), fromb.If k=1,(S) it
will sometimes be convenientto write Sas S;.
Now given x andy admissible for P, suppo® tha
iv.b.5. "k #$i<k, e(?,S,x)=¢e(P,Sy)
iv.b.6. "S#N $ [ (S) k, e(P,S;,x) <e(P,S)y)
then xpy, and convasely. Notethat if S* is maxima over all setswith 1,(9)"k,

i.e S*= Sf then it will follow also tha e(P,S;,x) <e(P,S*y) aso.

Lemmav.b.l. x'y/ +S P ( eP,Sx)! eP,Sy). Proof: x'y/ +i( X!y, Let
T=Cp(i). T cannotbea singleton, sinceif it were, xi=v(P,T)=yi. (It follows also that
P! F). Theefore, S={a;}, P ande(P,Sx)=v(R(P{a})-xi! V(R(P{a})-yi =e(P,S)y).

Lemmav. b.2. ~[ (XxpYy) and (xpYy)]. Proof: Suppo® the contrary and let k be such
tha either k=1or " i <k, eP,S',x) = e(P,S,y). Then we have both

e(P,S,x)>e(P,S,y) and e(P,S,x) <e(P,S,y), acontradiction
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Theoremv. b.3. xpy andypz/  Xpz

Proof: xpy /" k # $i<k, e(,S,x)=e(,S.y) and e@,S,x) <e(P,S.y);
ypz/ "1 #$i<l, eP,S.,y)=eP,S.2) and eP,S.y) <eP.S.2).

1) Suppog k=I. Thenwe have e(P,S',x) = e(P,S.y) = e(P,S.2) ) i<k,
e(P,S,x) > e(P,S.y) > e(P,S.,2), therefore xpz.

2) Suppoe k<I. Thenwe have e(P,S',x) = e(P.S.y) = e(P,S.2) ) i<k,
e(P.S,x)>eP.S.y) = e(P.S..2), therefore xpz.

3) Suppoe k>I. Thenwe have e(P,S',x) = e(P.S.y) = e(P,S.2) ) i<,
e(P.S x) =e(P.S.y) > e(P.S. z), therefore xpz.

Theorem v. b. 4. Suppo® X! y. Then either xpy or ypx. Proof: The contrary
suppostion meansthat for all i we have e(P, §',x) =e(P, §y).

Clearly x!'y /  +] ( x>Y;. Consde thesingleton {j}=B; x>y,/ e(P,B,x)< ¢P,B,y).

Suppo I(B)=m, I,(B)=l.
1) If m=l, then we immediately have xpz, contradiction.

2) Suppo® m<l. By theddinitionof 1,(S), e(P,S',x) <e(P,B,x) <e(P,B,y), and

with theequdity for al i<l, we have xpy, contradiction.

3) Therefore m>|.

4) Consder T=Cp(j). Further, consder C=T\B. By admissibility, if x;>y;, Xc<yc. Let

m*= 1,(C), I*= 1,(C). By an argument smilar to theabovewe mus have [*>m*.

5) Suppoe m*" m. Therefore e(P, B,x)> e(P, C,x)> ¢(P, C,y). Letting S take the

value C and k take thevaluem, we have ypX, contradiction.
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6) Suppoe m*<m. Thaefore P, C,x)> &P, B,x)> &P, B,y). Letting S take the

valueB and k take thevaluel, we have xpy, contradiction.

Since the set of admissible x is a closed and compact set and theorderingp is

complete, amaximal element exists and is unique Thenudeolusfor P, nuqP), istha

maximal e ement.

For a propea game, as noted before, the excess function as defined here reduces to
Schmeidler@ excess fundion for agame in codition fundion form. Thusthe ordering

and thenudeolusalso will doso. Accordingy

Lemmav.b.5.1f ' ispropa and' isthegamein coditionfundionform propeto',

then nuqP)= nuqP, R$isthecoditionstructure nudeolusfor' , P.

In all theforegoing, the excess fundionshave been based on an arbitrary

successor fundion R. If we compute the excess fundionscongstently with an optimistic
successor fundion, denote the excesses by € (P,S,x), and the correspondng nudeolusis
nuc(P). If we compute the excess fundionsconsgstently with a pessimistic successor

fundion, denote the excesses by €'(P,S,x), and the corresponding nudeolusis nuc (P).

vi. Summary and Condusons

This pgoe hasfocused on TU gamesin patition fundion form, withou assuming
supeadditivity. The pgper first argued tha, taking into accountKuhn®conaeption of

games with imperfect recal, the plaugble argument for superadditivity isnat at all sound.
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Some terminology and notation for gamesin patition fundion form were then set out,
and therelation of supeadditivity to gamesin patition funaion form and to efficiency
was reconsdered. Using the excess fundion of Schmeidler, a concept of the core for
partition fundion games was developed, withoutusing an iterative procedure alongthe
lines of Koczy. Neverthdess, thedifficulty arises (asin Koczy® conaept of the core) that
whenever a set of playersform anew codition, the payoffs to thenew codition depend
onjug howtheresidud players may reorganize themselves, and there may bemore than
onestable reorganization. The nasve core, as defined here, ignaes these possibilities.
Recognizing tha some potential deviationsmay not prove profitable to thedeviating
codition, in thelightof this point, wefirst identify a more restricted set of deviating
coditionstha may disrupta paticular partition,and may find alarger core assodated
with such arestriction.

The pgpe then proposd an extenson of the definition of the nudeolusto games
in partition fundionform. Thenudeolusfor patition fundion games (like the nudeolus
for acodition structure in agame in codition fundion form) can be computed for any
patition, is unique and is an element of the nasve core whenever the nasve core is not
null. However, thisresult does not seem to lend itself to extendonto thelarger core
conaept.

Gamesin partitionfundionform present several unavoidable difficulties that do
notarisein gamesin coditionfundionform. Theposbility of arangeof concepts
corresponding to the core, depending on the optimism or pessimism of the agents,
illudrates these difficulties. However, theandytical difficultiesreflect complexitiesin

thereal world, such as externdities and Omperfect recall. OWhen we adoptthegamein
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codition fundionform and assume tha it is supaadditive, we effectively assume those
real-world complexities away, which vitiates the pragmatic usefulness of theandysis.
Extengon of conaepts such as the core and the nudeolusto partition fundion games

promises solution conaepts that may address such pragmatic iSsues.
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! Proposd by Thrall in 1963 this approach was little developed untl the 19908 when it
began to beused in applicationsin which externdities were important. Moreover, thefew
earlier applications such as Myerson (1979 and Bogler (1989, focused on extengonsof
the Shepley value, assumed supeaadditivity.

% A search of Science Citation Index and Sodia Science Citation Index for papers that
cite both the pagpers of Kuhnand Aumann and Dreze returned no references. | am
indebted to my wife, Katherine McCain, Professor in the College of Information Science
and Technology, Drexel University, for thisinformation. Aumann and Sorin,
CCoopeation and Boundel Recall,Ois not an exception and argues tha a repested
non®opeative game with some limitation onrecall may for tha reason bemore likely to
realize a coopeative outcome. However, it is not conaerned with coditions nor are they
concerned strictly with the condition Kuhndefined as imperfect recall.

% This concern with shirking in organizationswas central to some contributionsto
econonnics at aboutthe same time; see e.g. Alchian and Demsetz 1972.

* These numbers are roundel from a spreadsheet example in which therelationship of
land and outputis modded by a Cobb-Douglas function standad in econonics. The
exact ddails are given in the appendix, available from the author.

® Thereis, of course, alargeliterature on sharecropping and its advantages and
disadvantages by comparison with renting agricultural land for afixed sum. Seee. g.
Stiglitz, Cheung.

® From this pointin sectionii much of theterminology defined is new in this paper.
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